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Abstract. When building dimension reduction methods tailored for
Symmetric Positive Definite (SPD) matrices, it is crucial to account for
their Riemannian geometry. In this work, we propose an SPDNet-based
autoencoder, that we call SPDNet-AF, that learns low-dimensional SPD
representations of high-dimensional SPD matrices while preserving the
geometry throughout the network. The SPDNet-AE is built using the
BiMap layer of the SPDNet, but we allow it to have multiple channels.
We show that our SPDNet-AE is able to learn a useful low-dimensional
representation of the data for classification (without any class informa-
tion). Moreover, we show that with a comparable number of parameters,
a classical Euclidean autoencoder is not able to learn and maintain the
SPD constraint on the input matrices.

1 Introduction

Respecting the intrinsic geometry of the data is crucial when dealing with struc-
tured data [1]. This is especially true when dealing with covariance matrices,
which are Symmetric Positive Definite (SPD) matrices and form a Riemannian
manifold of negative curvature. This space being non-flat, using classical Eu-
clidean methods can lead to suboptimal results or to distortion issues (such as
the swelling effect [2]). Covariance matrices, and more generally SPD matrices,
are widely used in machine learning [3] as well as in many applications, such as
in fault detection [4], biomedical image analysis [5] or Brain Computer Inter-
faces (BCI) [6] and being able to reduce the dimensionality of these data in a
principled way would benefit these fields.

The goal of this work is to propose a method that is able to reduce
the dimension of SPD matrices, while retaining the relevant infor-
mation and the geometry of the data. To do so, we propose to use a
geometry-aware AutoEncoder, that we call SPDNet-AE. For this, we will use
the SPDNet [7], a Riemannian network that preserves the SPD nature of the
input. Let us introduce the specifications for our SPDNet-AE:

1. We want to reduce the dimension of the input SPD matrices while pre-
serving the structure of the data. More specifically, we want our low-
dimensional (LD) representation of the data to remain SPD, and we want
to ensure that the reconstructed matrices are also SPD.

*This work was funded by the French National Research Agency for project PROTEUS
(grant ANR-22-CE33-0015-01).
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Fig. 1: Architecture of the SPDNet Autoencoder. The encoder f and the decoder
g are composed of a succession of BiMaps, each followed by a ReEig. The encoder
reduces the dimension of the input SPD matrices while the decoder increases
it. Each layer can have a different number of input or output channels. The
architectures of the encoder and of the decoder are not necessarily symmetric.

2. We aim to learn a useful LD representation that still allows accurate clas-
sification on the resulting SPD matrices.

We will introduce the Riemannian geometry used for SPD matrices and
the Riemannian network SPDNet in Section 2. In Section 3, we introduce our
SPDNet-AE and its architecture. We finally test our SPDNet-AE and compare
it to other dimension reduction algorithms on real datasets in Section 4.

2 SPD matrices and the SPDNet

2.1 The manifold of SPD matrices

We consider the set Py of d x d Symmetric Positive Definite (SPD) matrices
defined as follows:

Py={X eR™ | XT = X and Yo € R?\ {0},v" Xv > 0}.

This set can be endowed with a Riemannian dot product, leading to a Rieman-
nian manifold of dimension d(d + 1)/2 [5]. This Riemannian structure allows us
to define a distance § between two SPD matrices:

VXY € Py, 6(X,Y) = ||log(X Y2V X~ V)|

with log the matrix logarithm and || - || the Frobenius norm.

2.2 The SPDNet

One of the pioneering works focusing on a Riemannian neural network for SPD
matrices is SPDNet [7]. The specificity of this network is that it preserves the
SPD nature of the input at each layer of the network. The main layers of the
SPDNet are the fullly connected-like BiMap layer and the ReLLU-like eigenvalue
rectification ReFig layer. Let us briefly introduce these two layers. We used the
implementation of SPDNet proposed by the authors of [§].

608



ESANN 2026 proceedings, European Symposium on Artificial Neural Networks, Computational Intelligence and
Machine Learning. Bruges (Belgium) and online event, 22-24 April 2026, i6doc.com publ., ISBN 9782875870964.
Available from http://www.i6doc.com/en/.

The BiMap layer This linear layer projects the data into a new space using
learnable parameters. It is defined as: X = lgk)(Xk_lg W) = Wi X W,
where X},_1 € Py, _, is the SPD input matrix of the k-th layer, W), € Réx>dk—1
is the (learnable) projection matrix and Xy, is the output of the layer. In order
to preserve the SPDness of the output matrix Xy, the authors propose to restrict
the weight matrix W}, to the compact Stiefel manifold (W,] Wy, = I, _,).

The ReFig layer The ReEig layer mimics the traditional ReLU function by
adjusting the eigenvalues of the input SPD matrix X} based on a threshold e:
X, = fr(k)(Xk,l) =U,_1 max(eIdkfl,Ek,l)U,;r_l where Up_; and X;_; are
obtained using the eigenvalue decomposition of X;_1: X1 = Up_13k_1 Ug_l.
The max operator is applied element-wise between the diagonal elements of the
input matrix and the threshold e. In all our experiments, we set € = 1074,

3 SPDNet Autoencoders

3.1 The architecture

The goal of our autoencoder is to learn a LD SPD representation, of the input
SPD matrices. For this, our SPDNet-AFE will be composed of an encoder and
a decoder each composed of a succession of BiMap layers each followed by a
ReEig layer. The encoder will reduce the dimension of the SPD matrices so the
BiMaps weights will have more columns than rows. The decoder will increase
the dimension of the SPD matrices so the BiMaps weights will have more rows
than columns. The global architecture is illustrated in Figure 1. To allow more
flexibility in the network, we add the possibility to have multiple channels in the
BiMap layers. The encoder and decoder architectures are not necessarily sym-
metric, so depending on the data or application, they may have different numbers
of layers. Allowing the BiMap layers to have multiple channels is especially use-
ful for the decoder. Indeed, the trainable projection matrices Wy, are constrained
to belong to the Stiefel manifold, therefore we have that WkT Wi =14, ,. Thus,
the coefficients of Wp, will always be smaller than 1. This can be problematic
when reconstructing SPD matrices with big coefficients, and adding the possi-
bility of summing several outputs of BiMap layers (through multiple channels),
will help such reconstruction and extend the expressivity of our network. The
loss that will be used is the Riemannian reconstruction error, defined as:

N

£0) = + 3 5(XD, g, (. (X))’ (1)

i=1

where X () is the i-th input sample, gq, (fo. (X)) is the output of the autoen-
coder (fp, is the encoder and gg, the decoder), N is the number of samples and
0., 0q are the trainable parameters, respectively of the encoder and the decoder.
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Dataset || Application Dimension ~ # matrices  # classes  Reference || # params SPDNet-AE  # params Eucl. AE

Salinas Hyperspectral imaging 16 x 16 15,000 6 - 22,352 23,008
Indiana Pines || Hyperspectral imaging 16 x 16 14,641 12 [9] 22,352 23,008

Textile Image Analysis 10 x 10 16,000 2 [10] 3,464 2,837

Table 1: Summary of the datasets used for the experiments.

4 Testing the SPDNet-AE on real data

Setup We train and test our SPDNet-AE on 3 different datasets summarized in
Table 1. We will compare our SPDNet-AE to the Riemannian PCA [11] and the
Principal Geodesic Analysis (PGA) [12], two dimensionality reduction methods
designed for SPD matrices. We will also compare our SPDNet-AE to a SPDNet-
AE trained with a Euclidean loss and to a classical Euclidean autoencoder. For
the SPDNet-AEs, the encoder consists of 3 or 4 multi-channels BiMap layers,
each followed by a ReEig layer. The low-dimensional (LD) representation has
half the size of the input SPD matrices. The decoder mirrors the encoder to re-
construct the input. The Euclidean autoencoders were designed to have roughly
the same number of trainable parameters of the SPDNet-AE so that the com-
parison was fair. The number of trainable parameters for each autoencoder is
reported in Table 1.

To assess the quality of the different pipelines, we will use several metrics.
First, we will give the percent of output matrices that are SPD as we want the
output of our SPDNet-AE to be SPD. Then, we will perform a classification
task on the learned LD representations to see if they are useful for downstream
tasks. The classifiers will be trained and tested on unseen data by the AE
during its training. We will compare the accuracy of a given classifier on the
orgininal HD data and on the LD data computed using the different pipelines.
The classifiers used are a Minimum Distance to Mean (MDM) classifier [13] and
a fully connected neural network. We used a 5-fold cross-validation procedure for
each classifier. As the MDM is designed for SPD matrices, and the Euclidean-
AE does not guarantee that the LD matrices are SPD, we will only use this
classifier on the SPDNet-AEs and the Riemannian PCA.

Results As expected, the SPDNet-AE outputs 100% of SPD matrices, as it was
build to do so. On the other hand, the Euclidean AFE performs poorly producing
0% of SPD matrices for the datasets Indiana and Teztile and only 18.58% for
the dataset Salinas. Therefore, using a usual Euclidean AE on SPD matrices
can lead to real problems as it fails to reconstruct the important structure of
the data. This result confirms our choice of building a network that respects the
geometry of the data using the SPDNet.

The results of the classification experiment on the different datasets are given
at Figure 2. We recall that our goal is that the accuracy in the LD code space
matches, as much as possible, the accuracy on the HD data (here in dark green).
On can see that the SPDNet-AE, when trained using a Riemannian loss (here in
orange), is able to learn an LD representation of the data that contains enough
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Fig. 2: Results of the classification experiment on the different datasets.

information to be correctly classified. Indeed, the classification results in the
LD space nearly match the results in the HD space, despite a signification drop
in the dimension of the data. When we change the training loss to a Euclidean
one, the classification results (here in blue), significantly drops. This is coherent,
as we are taking the geometry of the data into account in our network, but not
anymore in the loss. Therefore, to correctly train the SPDNet-AE, we need
to use the Riemannian loss. The Euclidean AE (here in light green) performs
as good as the SPDNet-AE. However, we recall that the Euclidean AE does
not guarantee that the output matrices are SPD. Compared to the Riemannian
PCA (in pink) and the PGA (in yellow), the SPDNet-AE is competitive, as all
those LD representations lead to similar classification results. However, as our
SPDNet-AE is geometry-aware, it is also able to rebuild the original matrices
and preserve their SPD structure. This is not the case for the Riemannian PCA
nor the PGA as the reconstructed matrices will be rank-deficient.

5 Conclusion

In this paper, we introduced a geometry-aware dimension reduction method
for SPD matrices using an SPDNet-based autoencoder: the SPDNet-AE. This
SPDNet-AE is built using the classical layers of the SPDNet, that is BiMap and
ReEig layers. We tested our SPDNet-AE and compared it to a Euclidean AE
and to other dimension reduction algorithms on real datasets. We first showed
that, with a comparable number of trainable parameters, the Euclidean AE is
not able to correctly reconstruct the SPD matrices, while the SPDNet-AE is able
to do so (by definition of our network). Then, we showed that the SPDNet-AE is
able to learn an LD representation of the data that retains the most relevant part
of the information, as the classification results in the LD space are comparable
to the ones in the HD space.

One could argue that classical Euclidean neural networks, when built with
enough learnable parameters, could be able to learn the geometry of SPD ma-
trices. While we agree with this perspective, we have shown that it is possible
to learn a low-dimensional SPD representation with far fewer parameters than
Euclidean networks, requiring less data and computational effort. This is partic-
ularly important in applications where data and computing resources are limited.
Geometry-aware networks thus offer an effective way to reduce both model size
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and data requirements. Moreover, there are no guarantees that a deep model
will be able to generate SPD matrices, while our model is guaranteed to do
so. Finally, the use of SPD-AE in a denoising or a contrastive setup is also a
promising lead towards an expressive model for metric learning on P, and its
application in challenging setups such as BCI [14].
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