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Abstract. In certain subfields of machine learning, such as those in-
volving homomorphic encryption or quantum computing, it is crucial to
estimate the numerical precision of data used for training without com-
promising model quality. This paper introduces a method for precisely
quantifying the loss of accuracy in distance-based classifiers, such as Gen-
eralized Learning Vector Quantization, when operating on quantized data
represented by bounded integer sets. Our approach employs conditional
entropy to measure the information loss induced by quantization, which
closely correlates with the model’s mean performance.

1 Introduction

With the growing popularity of machine learning, numerous subfields have
emerged that address different aspects of the discipline. Particularly relevant
to this work are areas such as privacy-preserving machine learning, where homo-
morphic encryption is applied to machine learning algorithms [1], machine learn-
ing on quantum computer circuits [2, 3], and energy-efficient machine learning
in edge computing [4]. In each of these domains, the bit depth of numerical data
representations is inherently constrained. In homomorphic encryption, the com-
putational complexity and security of the scheme are strongly influenced by the
numerical size of the message space. In quantum computing, the architecture of
the quantum computer itself constrains the depth of the computational circuit
and the length of the input data in a mutually dependent way. Furthermore,
with a reduction in the numerical representation of data, more energy-efficient
and computational efficient data types can be used on edge computers to enable
learning on them.

This paper analyzes the behavior of data quantization into the integers and
its effect on the outcome of training (Generalized) Learning Vector Quantization
((G)LVQ) models. Recent work [1] on LVQ under homomorphic encryption has
demonstrated that even very small integer ranges are sufficient to train them.
We propose a method Entropy-based Integer Quantization Measure (EIQM) for
estimating the learning stability across different levels of integer quantization.
More precisely, for b ∈ N let Bb = [−b, b] ∩ Z denote the integer range to which
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data are quantized to, Ab(f̂ ,Xb) the accuracy of a distance based classifier f̂
trained on the integer data Xb quantized to Bb and H(Y |Xb) the conditional
entropy of the set of class labels Y given Xb. We aim to experimentally show

our hypothesis Ab(f̂ ,Xb) ∝ −H(Y |Xb).

2 Generalized Learning Vector Quantization

In this section we briefly introduce the prototype- and distance-based model
GLVQ [5]. Let X ⊆ Rn denote the dataset with dimensionality n > 0 and
cardinality |X | = N where each x ∈ X is assigned a class label c(x) ∈ Y.
Furthermore, denote P ⊂ Rn a set of prototypes such that there exists at least
one prototype p ∈ P for each class c(p) ∈ Y of the dataset. The GLVQ cost

function is given as E =
∑N

i=1 g(µ(xi)) where g is a monotonically increasing

activation function and µ(x) = d(x,p+)−d(x,p−)
d(x,p+)+d(x,p−) is the relative distance difference

function. Here, d(x,p) = ||x− p||22 denotes the squared Euclidean distance and
p± = minp∈P d(x,p), where p+ with c(x) = c(p) and p− with c(x) ̸= c(p)
are the closest prototypes of the same and different class, respectively. During
training, for each randomly selected x the closest prototypes p± are determined

and the gradients are computed as ∇p± = ∂g
∂µ

4d(p∓,x)
(d(x,p+)+d(x,p−))2 (x − p±). For

some learning rate 0 < ε ≪ 1 the update of prototypes at time t > 0 is given as
p±(t+ 1) = p±(t)± ε∇p±(t).

3 Entropy-based Integer Quantization Measure

First, we introduce the method of quantizing data x ∈ X into integers. To this
end we apply feature scaling. Let Xi = (x1,i,x2,i, . . . ,xN,i) denote the vector
of all values of the i-th feature in the dataset. Feature scaling to integer range
Bb is computed as

xk,i =
2b(xk,i −minXi)

maxXi −minXi
− b.

The quantized data point is given by
◦
x = ⌈x⌋ where ⌈·⌋ denotes the rounding

function to the nearest integer. Note that as b decreases, the more significant
the change in distribution of the data is. The probability of data collapsing,
i.e.

◦
xi =

◦
xj for distinct xi ̸= xj , increases as b ↘ 1, since the number of

possible integer realizations is |Bn
b | = (2b+1)n. We interpret the process of data

collapsing as a reduction of randomness within the data space with respect to
entropy. A natural way to quantify the degree of randomness or structure in a
system is through entropy [6]. To capture the distortion in learning dynamics
we utilize conditional entropy:

H(Y |Xb) = −
∑

◦
x∈Xb,y∈Y

p(
◦
x, y) log (p(y | ◦

x)) = −
∑

◦
x∈Xb,y∈Y

p(
◦
x, y) log

(
p(

◦
x, y)

p(
◦
x)

)

We assume an empirical distribution p(
◦
x) = N◦

x

N , where N◦
x = |{ ◦

xj | xj ∈
X with

◦
x =

◦
xj}| denotes the count of samples quantized to the same grid point.

With abuse of notation, Y and Xb denote random variables with empirical joint
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distribution. The joint probability p(
◦
x, y) = N(

◦
x,y)

N is analogously defined for
labeled data (

◦
x, y). The conditional probability p(y| ◦x) quantifies the relative

distribution of class labels within each grid point. If only a single class accu-
mulates at a grid point, then log(p(y| ◦x)) = 0 and the corresponding summand
vanishes. The mixing of classes on a grid point is reflected by log(p(y| ◦x)) < 0
which can be considered the class label mixing error. The more data points of
distinct classes collapse to the same grid point the larger the joint probability
p(

◦
x, y) becomes and therefore increasing the class label mixing error. Generally,

the larger the conditional entropy is, the higher the chance of class-confusion in
the update of the prototype is, thus distorting the hypothesis margin of GLVQ.
The EIQM is given as the sequence (H(Y|Xb))

u
b=1 for some upper bound u ∈ N,

where lower values reflect a low loss of optimal accuracy while higher values
reflect a high loss of optimal accuracy.

4 Methodology

An experiment are conducted on datasets Xb quantized to a set of integer ranges
(Bb)

u
b=1, with u > 0 denoting an upper bound. We define a quantization sweep

as the training of GLVQ models with a fixed random seed over the quantized
datasets Xb for each of the integer ranges. The fixed random seed s ∈ S ⊆ N
ensures consistent training and test splits for a 5-fold cross validation f̂s within
each sweep. Furthermore, for a fixed seed, the random sampling of train-
ing data

◦
x during each epoch is also consistent. Those sweeps are repeated

100 times with different seeds, where for each bound the classifier’s accuracy

As
b(f̂s,Xb) is measured. The mean accuracy over all accuracies is computed

as Ab = 1
|S|

∑
s∈S As

b(f̂s,Xb). For each bound Bb we additionally compute the

conditional entropy H(Y|Xb).
Experiments are conducted over various datasets, where for each dataset

we perform experiments on both the original and an outlier-augmented dataset.
Outliers introduce stronger distortions under equal-binning integer quantization,
as the resulting distributions become skewed due to larger gaps in the integer
grid, thus not fully utilizing the integer lattice [7]. The outliers are generated by
a set of minimal data points Omin =

⋃n
i=1 argminx∈X xi and analogously the

maximal data points Omax across all dimensions 1 ≤ i ≤ n. The augmented
dataset is then defined as X k = {x

k |x ∈ X}∪Omin∪Omax which is subsequently

quantized into X k
b over the range Bb. To evaluate the quality of the hypothesis we

compute the correlation Corr((Ab)
u
b=1, (H(Y|X k

b ))
u
b=1). We regularized GLVQ

to have prototypes p stay within the hypercube Bn
b , i.e. pi = max(pi,−b) and

pi = min(pi, b).

5 Experiments1

We used a larger collection of datasets found in the UCI database (Iris,
Wine, Breast Cancer, Rice, Seeds) [8], a real-world spectral dataset on coffee

1Experiment code is available at https://github.com/lvlanson/data_quantization
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Dataset
Data
Points Features Classes

Number
Prototypes

Outlier
Factors k

Upper

Bounds u
Iris 150 4 3 1 (0, 25, 50) (50, 150, 300)
Wine 178 13 3 1 (0, 25, 50) (50, 150, 300)

Breast Cancer 569 30 2 1 (0, 25, 50) (50, 150, 300)
Spiral 300 2 2 25 (0, 25, 50) (50, 150, 300)
Coffee 210 7 3 1 (0, 25, 50) (50, 150, 300)
Rice 3810 7 2 1 (0, 25, 50) (50, 150, 300)
Seeds 210 7 3 3 (0, 25, 50) (50, 150, 300)

Table 1: Overview of the datasets (left), their characteristics (middle), and
experimental configurations (right).

beans2 (Coffee) and a highly non-linear artificial dataset (Spiral) (Figure 1).

Figure 1: Left the scaled dataset without round-
ing with the prototypes (stars) as result from
quantized learning. On the right the quan-
tized dataset X10 with the respective prototypes
(stars).

Table 1 lists all dataset at-
tributes and their correspond-
ing experimental configura-
tions, where values in the
same position align across ex-
periments, for instance an
outlier factor k = 50 cor-
responds to an upper bound
u = 300. We first noticed
that even relatively low nu-
merical bounds such as B10

for the Spiral dataset (Figure
1) yield distributions that still
reflect the original geometri-
cal structure of the data. This
effect becomes even more pro-
nounced for higher dimen-
sional datasets, as discussed in section 3. Most datasets were noticeably stable
in their accuracies throughout quantization levels down to 3 ≤ b ≤ 11, where
higher-dimensional datasets tend to be more stable for lower bounds. In Table
2 we observe that Breast Cancer remained stable across all quantization levels,
which can be explained by its high dimensionality. Due to this anomaly, the
correlation for Breast Cancer with (k, u) = (0, 50) was the only experiment with
low correlation. Added outliers clearly destabilized accuracies in lower bounds.
Figure 2 illustrates this dynamic and shows how well EIQM can mirror the av-
erage loss in accuracy over various quantization levels. Since breaking-points
shifted differently across datasets, we additionally report the minimum entropy
as a measure to highlight how class-mixing errors are already noticeable within
the fixed bounds in an experiment. Datasets such as Spiral and Rice show
that quantization effects are already present at the highest bound. Therefore,
breaking-points are to be found outside the given range, which is indicated by
the greater-than relation. We found that first significant effects on accuracy
appear around H ≈ 0.05, with drops in accuracy of roughly 0.02 − 0.05, while
for H ≈ 0.1 drops of roughly 0.1 in accuracy can be observed. It is impor-
tant to note that the drop is relative to the best expected accuracy, hence, its

2Special thanks to Udo Seiffert and his team from the Fraunhofer Institute IFF Magdeburg
for the collection of the data.
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Figure 2: Accuracies for Iris Dataset with outlier factor k = 50 and upper bound
b = 300. Gray lines represent a sweep from b = 300 down to b = 1.

absolute magnitude can’t be determined in general. As mentioned earlier, this
observation explains why the breaking-point for Rice and Spiral lies outside of
the experimental bounds. Further, datasets such as Seeds show that although
some class-mixing error is already present, it is not significant enough to sig-
nificantly impact the expected accuracy. We also observed for breaking points
close to minimal quantization levels the entropy value can break the correlation,
while still giving relatively good estimates. A special case here is the result for
Breast Cancer with (k, u) = (0, 50) with a correlation of 0.09, where the mean
accuracy slightly dips at b = 2 but remains stable throughout the sweep, hence
the low correlation. Finally, the correlation is only meaningful if a classification
problem can be solved meaningful. For Spiral with (50, 300) the dataset already
strongly deteriorated where accuracies hovered around 0.5− 0.6, which returns
an unreliable classifier and therefore a weak correlation.

Dataset

Config.

(k, u)

Breaking-

Point

Min

H(Y|Xk
b ) Corr Dataset

Config.

(k, u)

Breaking-

Point

Min

H(Y|Xk
b ) Corr

Iris
(0, 50) 2 0 −0.94

Seeds
(0, 50) 3 0 −0.99

(25, 150) 46 0 −0.99 (25, 150) 56 0.03 −0.99
(50, 300) 92 0 −1.00 (50, 300) 112 0.04 −0.99

Wine
(0, 50) 1 0 −0.96

Rice
(0, 50) 4 0 −0.83

(25, 150) 18 0 −0.99 (25, 150) 150 < 0.18 −0.99
(50, 300) 36 0 −0.99 (50, 300) 300 < 0.18 −0.99

Breast
Cancer

(0, 50) − 0 −0.09
Coffee

(0, 50) 2 0 −1.00
(25, 150) 21 0 −0.99 (25, 150) 96 0.03 −0.98
(50, 300) 44 0 −0.99 (50, 300) 167 0.04 −0.98

Spiral
(0, 50) 23 0 −0.94

(25, 150) 150 < 0.08 −0.92
(50, 300) 300 < 0.07 −0.72

Table 2: Overview of the results. The Breaking-point refers to the observed
bound b at which the accuracy begins to noticeably change. The value Min
H(Y|X k

b ) denotes the minimum entropy observed over the given bounds.

6 Conclusion

In this paper, we introduced the measure EIQM to determine suitable minimal
integer bounds for GLVQ without sacrificing potential model performance. Our
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experiments reveal a strong link between increasing class-mixing error and de-
creasing expected accuracy for a bound Bb. Further work should investigate
the theoretical relationship between the expected accuracy of a GLVQ classifier
and the conditional entropy of a dataset. Earlier work by Sarajalew already
demonstrated the high robustness of GLVQ models during inference against ad-
versarial attacks [9], where the author assumes the robustness is linked to GLVQ
maximizing the hypothesis margin. We assume that this margin maximization
also makes GLVQ robust to quantization-induced noise during training. Conse-
quently, class-mixing error is assumed to be proportional to the deterioration of
the hypothesis margin. We also showed the magnitude of the influence of outliers
on the effective range of quantization levels. This underlines the importance of
proper data preprocessing.

While GLVQ has a predictive behavior due to its simple dynamics, Gen-
eralized Matrix LVQ (GMLVQ) offers a more sophisticated learning dynamic.
Here, a matrix Λ is learned which rotates and scales the input space [10], such
that a better separation of the data with respect to its discriminative features
is achieved. Therefore, further work can investigate the effects of the GMLVQ
matrix mapping on the class-mixing error during integer quantization. Since the
learning dynamics of GMLVQ are not designed for integers an appropriate de-
sign has to be presented to maintain effective learning. This investigation could
reveal how information-theoretical properties behave in the learning dynamics
of GMLVQ and if it reduces the magnitude of class-mixing error.
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