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Abstract. Estimating counterfactual densities provides a richer under-
standing of causal effects than traditional estimators based for instance
on average treatment effects (ATE). However, reliable conditional density
estimation remains challenging, especially in high-dimensional settings.
We propose to use Marginal Contrastive Discrimination (MCD), a recent
method that reframes conditional density estimation as a generalised con-
trastive learning task, enabling the use of supervised learning. The result
is a new framework which delivers accurate counterfactual density esti-
mates, illustrated through simulations. The latter show that the proposed
technique handles high-dimensional data while improving state-of-the-art,
providing new potential for nuanced and robust causal analysis.

1 Introduction

Causal inference is increasingly applied in research and industrial fields, including
medicine, economics, and sociology, and is more and more intertwined with
machine learning approaches. Aimed at identifying and estimating the effect of
an intervention on a target variable from observational or experimental data, it
provides an essential tool for decision making and highlights the limitations of
predictive machine learning based solely on correlations. Two main frameworks
structure the field: the potential outcomes framework, introduced by Neyman
[1923] and extended by [Rubin, 1974, Imbens, 2000, Flores et al., 2012], and the
structural causal model framework of Pearl [2000], which uses directed acyclic
graphs and the do-calculus to analyse interventions.

Traditionally, causal effects have been summarized through the average treat-
ment effect (ATE), defined as the expected difference in outcomes between the
treated and the control units. While simple and intuitive, the ATE captures
only an incomplete picture of the differences between counterfactual distribu-
tions and may hide important information. This limitation is well documented;
for example, DiNardo et al. [1996] highlight that understanding wage inequality
requires looking beyond means. For this reason, in the past years, a substantial
amount of research focused on characterizing treatment effects in more refined
ways. The first results were focused on quantiles or cumulative distribution func-
tions (CDF) as in [Abadie et al., 2002, Firpo, 2007, Chernozhukov et al., 2013].
The issue of directly estimating interventional densities or distances between
counterfactual densities has been considered only recently. The latter includes
using normalizing flows [Melnychuk et al., 2023], kernel embeddings [Muandet
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et al., 2021] or semi-parametric and non-parametric estimates [Kennedy et al.,
2023, Kim et al., 2024]. The present contribution is situated within [Pearl, 2000]
causal framework and focuses on estimating causal effects by directly targeting
the counterfactual density. To this end, we work within a fairly standard set-
ting, by assuming backdoor admissibility. In this framework, estimating causal
densities roughly amounts to estimating conditional densities. For the latter,
we adopt Marginal Contrastive Discrimination (MCD) [Meziani et al., 2026], a
recent method that reframes conditional density estimation as a generalized con-
trastive learning task. MCD was shown to have strong empirical performance,
especially in high-dimensional settings where classical density estimators strug-
gle. Our objective is to investigate whether, and to what extent, using MCD for
a causal density learning task improves the results of the state-of-the-art.

The rest of the manuscript is organized as follows: Section 2 discusses the
conditional density estimation and briefly describes the MCD method [Meziani
et al., 2026]. In Section 3, we present the causal framework, derive the expres-
sion of counterfactual densities under the backdoor criterion and explain how to
use the MCD as a plug-in estimate. Section 4 provides numerical illustrations
comparing the proposed approach with state-of-the-art on simulated data.

2 Learning conditional densities with MCD

Let us start by summarizing the principles of Marginal Contrastive Discrimina-
tion (MCD) and explain how it transforms the problem of conditional density
estimation into a binary classification task. Throughout, we consider an out-
put feature Y € R and a (potentially high-dimensional) input feature X € R9.
The goal is to estimate the conditional density fy|x—z(y). MCD relies on the
marginal contrast function,

Tf(X,Y) (z,y)
rfxyy(@,y) + (1 =r)fx (@) fy(y)

(1)

ar(2,y) =

where r > 0 is a mixing parameter. The key property is that ¢, (z, y) summarizes
how much more likely (z,y) was drawn under the joint distribution than under
the product of marginals. A direct manipulation shows that the conditional
density can be recovered from g, (z,y):

Frixes() = o

(2)

Thus, estimating the conditional density reduces to estimating two quantities:
the marginal density fy, and the contrast function g.. The MCD estimate
consists in plugging estimates fy and §, into Eq. (2). The marginal fy(y)
may be obtained using standard kernel density estimators (KDE). The main
challenge remaining is estimating §.(z,y). A crucial observation is that the
contrast function admits the probabilistic representation ¢,(x,y) = P(Z =1 |
W = (x,y)), where Z ~ Ber(r) and W such that fyz=1(%,y) = fx.v)(x,9),
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fwiz=o(z,y) = fx (@) fy(y), and fw(z,y) = rfocyv)(@,y) + (1 —r)fx (@) fy(y).
With this is mind, estimating g.(z,y) is a supervised binary classification task:
one must discriminate samples drawn from the joint distribution f(x y) from
samples drawn from the product of marginals fx fy.

Constructing the contrastive dataset. In practice, one has an i.i.d. dataset
from the joint distribution only, DX'Y = {(z;,;)}" ;. To perform classification,
one must augment it with samples representing fx fy. When enough data is
available, one may for example split DX*Y into two disjoint subsets: assign
Z =1 to the first, and assign Z = 0 to the second after randomly permuting the
y;’s. Other strategies for building augmented data together with their theoretical
guarantees are detailed in Meziani et al. [2026]. The resulting dataset is DJV\[,/’Z =
{(w;, 2;)}¥1, on which one may train any supervised learning algorithm to obtain
an estimate ¢,(x,y). In the present manuscript, multilayer perceptrons (MLPs)
and gradient boosting (CatBoost) are used.

3 Causal density learning

For estimating the interventional density, we use the causal framework defined by
Pearl [2000] and allowing to model causal relations between features as a directed
acyclic graph (DAG). In this representation, each vertex represents a feature, and
each directed edge a causal relation. Consider a setting where one has access
to an iid sample (Vi,...,V,,) of V = (X,T,Y), where X € R? represents the
covariates or confounders, T € R* is a multidimensional treatment or exposure,
and Y € R is the univariate output. The setting is illustrated in Figure 1: the
confounder X is influencing both T and Y, opening a backdoor path that must

be adjusted for.

Fig. 1: Causal DAG between treatment T', outcome Y, and confounder X that
influences both 7" and Y.

Furthermore, the backdoor admissibility is assumed: X blocks all back-
door paths from T to Y, and X contains no descendant of T. Backdoor
admissibility ensures the identification of causal effects. We will also assume
that the causal graph is shaped exactly as in Figure 1, that X includes
all common causes of T and Y, and that there are no other problematic
paths (colliders, mediators, selection variables). Within this framework, the
marginal interventional density fy|qo(r—) is defined as the density function of
Y under an external intervention T' = ¢. The marginal density of Y given the
intervention do(T = t) is identifiable through the backdoor adjustment formula,
Fyiaor=0 () = [ frir=tx=2(y) fx(z) dz.
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Marginal interventional density estimation. In practical applications, the above
has to be estimated from data. Actually, two objects have to be estimated: first,
the conditional densities under the integral, and second, the marginal interven-
tional density. For the latter, one may use the empirical average or Monte-Carlo
(MC) estimate:

fY\do(T t) %Z |T t,X= xj(y) (3)

where {z;},_1; is a sample drawn from the confounder X, independent of the
one used for learmng the conditional density. The above implies that one will
have to carefully split the available data into two subsets: the first to learn the
conditional densities fy‘T:t, x=z(y), while the second used in the MC estimate
computation. The entire procedure is described in Algorithm 1. In Step 2 of the
Algorithm, we will plug the MCD estimate.

Algorithm 1 Estimation of Marginal Interventional Density

Require: D = {(x;,t;,y;)}™ 4, split ratio « € (0,1) and treatment value ¢.
: Split data: D = Dpg U Dy, so that |Dpg| = |an|, |[Duc| =n — |an]
Learn conditional density estimate: Fit fy|T:t7X:x (y) using Dpg.
Monte Carlo marginalization:

for each z; in Dy do Compute ‘]Ey|T:t’X:Ij (y)

end for A

Output: fy ao(r=t)(¥) = fpua] 2w, eDre /Y IT=tx=2; (4)

4 Experimental results

Synthetic data was generated under backdoor admissibility with (7', X) drawn
jointly from a multivariate Gaussian with specified mean and covariance ma-
trix. This setup yields a closed-form interventional outcome distribution un-
der any treatment ¢, enabling exact computation of interventional densities
for comparison purposes. Y has been generated under intervention 7" = ¢ as
Y | do(T =t) ~NOb'"t+a"ux,a Sxa + 0?). The values of the parame-
ters were randomly selected, while the sample size was n = 1000. 100 replica-
tions were considered. We compare the interventional densities computed with
MCD to those obtained using two SOTA estimates: Normalizing Flows (NF)
[Rezende and Mohamed, 2016] and Random Forest Conditional Density Esti-
mation (RFCDE) [Pospisil and Lee, 2018]. These two alternatives were selected
based on their performance and computation time results on both real and syn-
thetic data. The MCD estimate was learnt either with MLP or with CATBoost
algorithms. For each estimate, hyper-parameters were selected via 3-fold cross-
validation. A proportion o = 0.8 of the data was used to train the conditional
density estimate, with the remaining 20% was used for Monte Carlo evaluation.
To quantify performance, we computed the Wasserstein distance between the
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estimated interventional density fy‘do(T:t) and its closed-form ground truth.
Results are summarised in Figure 2, Figure 3 and Table 1. Across all configu-
rations, MCD:MLP consistently achieves the best accuracy. In low-dimensional
settings, MCD:MLP yields substantially lower Wasserstein distance than Nor-
malizing Flows and RFCDE. In higher dimensionality, MCD:MLP performs best.
We also compared computation times across all methods. RFCDE remains the
fastest due to its efficient tree-based implementation. NF is the most computa-
tionally demanding, due to the optimization of deep invertible architectures.
MCD:MLP is in-between: although slower than RFCDE, it trains consider-
ably faster than NF while offering superior estimation performance. Overall,
MCD:MLP provides an excellent trade-off between accuracy and computational

efficiency.
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Fig. 2: Computational efficiency in seconds (left) and estimation accuracy using
the Wasserstein distance (right).
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Fig. 3: True and estimated causal densities: true causal density (red), true
conditional density (black), estimated interventional densities (dashed).

. Methods
(d, k) Metric
MCD:CATBoost MCD:MLP NF RF
(10,3) Wasserstein 0.36(0.02) 0.28 (0.03) 0.36 (0.07) 0.42 (0.05)
’ Time 3.89 (0.02)  14.91 (3.71) 33.36 (15.05) 5.41 (0.19)
Wasserstein 1.04 (0.02 0.79 (0.03) 0.98 (0.12) 1.06 (0.02
(100,10) =2
’ Time 5.50 (0.04)  13.05 (4.85) 58.47 (37.42) 9.83 (1.02)

Table 1: Mean(sd) Wasserstein-dist. and computation time for estimating causal
densities for different (d, k). Best is in green bold, second-best is underlined.
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5 Conclusion and perspectives

The present contribution illustrates that MCD provides an effective way to esti-
mate interventional densities under backdoor admissibility, offering a good trade-
off between accuracy and computational cost. Several perspectives will be ex-
plored next, such as illustrations on real-life data, a broader simulation study
with additional comparisons to state-of-the-art methods, and a more detailed
discussion of how MCD relates to alternative causal effect estimates. Another
natural extension is to investigate different distributional distances for compar-
ing causal effects and to examine how these choices influence interpretation.
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