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Abstract. Learning prototypes in an unsupervised manner that respects
the data density and topology is crucial for tasks such as clustering, rep-
resentation learning, and visualization of high-dimensional datasets. In
this paper, we propose a generalization of the Neural Gas algorithm to
Riemannian manifolds, leveraging geodesic distances for prototype adap-
tation. The approach additionally generates a prototype neighborhood
structure, enabling faithful approximation of both geometry and topol-
ogy of data distributed on Riemannian manifolds. We demonstrate its
effectiveness on real-world datasets from manifolds such as SO(n), ST,
and Gr(n, k) and compare our approach to Riemannian versions of other
related methods such as K-Means, K-Medoids and a Riemannian Self-
Organizing Map.

1 Introduction

Riemannian geometries arise naturally in many real-world datasets, such as in
EEG covariance matrices or object poses represented as homogeneous trans-
formation matrices in a robotics context [I]. These datasets obey geometric
constraints that are often lost when embedded in Euclidean space, as is common
in many machine learning methods [2]. Respecting the intrinsic geometry is
therefore essential for tasks like clustering or representation learning. Euclidean
assumptions and standard distance metrics may fail on curved manifolds, where
notions such as distance, mean, and gradient must be redefined in a Riemannian
framework. Although prior work has explored unsupervised prototype learning
on manifolds [3| 4 ], the problem of generating a condensed representation of
the topology of the data remains underexplored. This topology could be used
to infer admissible transitions between discrete prototypes under support of the
data, such as in switching neural states in an EEG context, for example. We
therefore propose a generalization of the Neural Gas algorithm [6] to Rieman-
nian manifolds, capable of learning accurate prototypes and their topology via
stochastic gradient descent on an adjusted energy function.
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2 Preliminaries

The paper is organized as follows: First we introduce basic concepts of Rieman-
nian geometry, followed by a description of the Riemannian Neural Gas in the
following section. Afterwards, we consider the formal properties in the next sec-
tion. The last section presents experimental results on synthetic and real-world
datasets, comparing our approach to related methods.

2.1 Riemannian Geometry

A manifold M of dimension n is a Hausdorff topological space locally homeomor-
phic to an open subset of R®. A Riemannian manifold is a pair (M, g), where
g(+,+) : TyM X T, M — R defines a smoothly varying inner product on each tan-
gent space T, M given for x € M. The arc length of a piecewise smooth curve
~(t) : [0,1] = M is given by L(y) = fol Vg (t),~'(t)) dt. A curve minimizing
L(v) is denoted as a geodesic, and its length defines the Riemannian geodesic
distance daq. Furthermore, in iterative algorithms, we must ensure that new
iterates z'T! € M remain on the manifold. To achieve this, a retraction map
R, : T, M — M is used to move along a tangent direction while staying on M.
The canonical choice is the exponential map Exp,: for a curve v(t) € M with
initial velocity 7/(0) = v, € Tp M, Exp,(vy) = v(1) gives the endpoint of the
geodesic at ¢t = 1. Its inverse, Log, = Exp;1 : M — T, M, maps a point in the
manifold back to the tangent space. Additionally, the injectivity radius inj(z)
is the supremum of all radii around z € M for which Exp, is a diffeomorphism
onto its image.

2.2 Neural Gas

The Neural Gas (NG, [6]) is an unsupervised learning algorithm to approximate
the probability distribution of data by means of a set of prototypes. In particular,
for given data vectors X C R™ obtained according to the data density P(x)
and equipped with the Euclidean metric, the NG adapts the prototypes W =
{wy,...,wy} € R™ using stochastic gradient descent according to

Aw; o< hy(ki(x,W)) - (x — w;) i=1,2,..,N (1)
such that the energy function

1

N
E= Ch ;/}(P(x)hx(ki(x, W))d(z,w;)*dx 2)

2.

is minimized. The corresponding winning rank k;(x, W) of a prototype w; with
respect to a sample x is given as k;(xz, W) = #{l : d} < d?} = Y,0(d? — d?)
where the Heaviside function 6(-) determines implicitly a neighborhood struc-
ture in W between the prototypes in dependence on z using the Euclidean
distance d; := d(z,w;). The function hy(z, W) = exp(—k;(z, W)/\) determines
the neighborhood cooperativity during the prototype learning adjusted by the
neighborhood range A > 0. Usually, NG starts with large A-values for rapid
rough prototype adaptation in the beginning and is slowly decreased during
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learning to allow faithful fine-tuning. The positive quantity C) in is con-
stant for given (fixed) A. For trained NG, a topological structure within the
prototypes set W can be imposed using the Voronoi cells

Vi={zr e X d(z,w;) < d(z,wj), Vj} (3)

which are restricted to the data X. The corresponding adjacency graph Gy =
(W, Ew ) for the prototypes W and edges Eyw is determined by

(wi,wj)EEW<:>ViﬁVj7é® (4)

augmenting the NG to the Topology Representing Network (TRN) [7]. For the
TRN it is required that the prototype set W is dense in X, i.e. if w; and
w; are the closest and second-closest prototypes to x, respectively, the triangle
A(x, w;, w;) is fully contained in X.

3 The Riemannian Neural Gas Algorithm

To enable the determination of prototypes from data distributed on a Rieman-
nian manifold, we augment the NG in two ways: First, we replace the standard
Euclidean distance in the energy function with the geodesic distance d g and
secondly, we modify the prototype update rule, such that an update is performed
by moving the prototypes a small step along the geodesics v(t) connecting x and
each w;, ensuring consistency with the manifold’s local geometry. For this pur-
pose, we compute v; = €-hy(ki(x, W))-Log,, (z) in the tangent space at w; and
map back to the manifold via wj“" < Exp,, (v;). Additionally, for each proto-
type, we restrict the updates s.t. K; C M, where K; are geodesically convex
neighborhoods around each w;. This ensures the existence of a unique minimiz-
ing geodesic for any « € K;. Using these observations, the energy function of
the NG can be adapted for the Riemannian metric, which yields

N
axl,
E= P(z)hx(ki(z, W))dp (, wi)* dp(z) (5)
where dp(x) = dvoly(z) is the Riemannian volume constituting an n-form

[8] associated with the Riemannian metric g on (M,g). The corresponding
Riemannian-like prototype update is obtained as

WY EXpwi (6 . h)\(kz (xa W)) ' Lngi ({E)) (6)

K3
using the exponential map and its inverse [9]. Further, ¢ > 0 is a sufficiently
small learning rate, such that w**" remains in the injectivity radius of w;, hence
wi*? € K, remains valid.
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In practice, we can bound the tangent-space adaptation steps v; by
T - 1nj(wi)> 1)
[|vil|w,

if [|vi||w;, > 7 - inj(w;) with 7 € (0,1) representing a safety margin factor and
[lVillw;, = \/Gw; (i, v;). This adaptation preserves the update direction but
scales down the magnitude. We denote this approach as Riemannian NG (RNG).
The corresponding Riemannian TRN (RTRN) is obtained by replacing the dis-
tances d(z,w;) in with their Riemannian counterparts daq(z, w;).

V; < v; - min (1,

4 Formal Aspects

We highlight two formal aspects of the Riemannian Neural Gas (RNG) algo-
rithm, namely that (i) its update rule @ corresponds to a stochastic gradient
descent step on the energy function using geodesic distances, and (ii) the
TRN topology construction method can be adapted accordingly.

(i) For RNG we require that the manifold (M, g) has a C? differentiable struc-
ture and is connected. Then, the update @ is obtained in complete analogy to
the proof in [6] for standard NG using the relation

g, 7)” = ~Log,, (x) (®)
Here, the first variation formula [§] is applied, which states that for any ~(¢) with
v(0) = w; and ¥(0) = v € T,, M, the directional derivative D(daq(w;,x)?)[v]
into direction v satisfies D(da(wi,2)?)[v] = gu,(—2 Log,,(z),v). Both
Log,, (z) and Exp,, (x) are uniquely defined and smooth under the made re-
strictions regarding the geodesically convex local neighborhoods K;, which is
essential.

\%

(i) The TRN property for RNG is verified again in complete analogy to the
standard TRN by replacing the distances in with their Riemannian counter-
parts da(z,w;) and using the metric properties.

5 Experiments

We evaluate the performance of the Riemannian Neural Gas on synthetic and
real-world datasets, comparing it to Riemannian variants of related algorithms:
Self-Organizing Map (RSOM) [], Principal Surface (RPS) [10], K-Means [3], K-
Medoids [5] and Competitive Learning Riemannian Quantization (CLRQ) [11].
The first dataset is the Two Moons toy dataset from Scikit-Learn, projected
onto S?, with one moon having double the density of data points. The second
dataset, Monash, comes from robotics and contains stable object grasp poses [1]
represented as 4x4 homogeneous transformation matrices. We use the first four
classes and extract 3x3 rotation matrices describing grasp orientations, which
are elements of SO(3). The third dataset, from the BCI IV 2a competition,
consists of covariance matrices from EEG signals which are elements of the
manifold of symmetric positive definite matrices S°,. For the Grassmannian
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manifold Gr(10,220), we follow [12] to extract 20 ten-dimensional subspaces from
220 hyperspectral bands for the 12 largest classes of the Indian Pines dataset
[13]. We set the number of prototypes or discretization points to 16, 16, 16, and
48 prototypes for the Moons, Monash, BCI IV, and Pines datasets respectively
and train for 50 epochs. The hyperparameters were selected according to the
respective author’s recommendations. The performance is evaluated using the
mean and standard deviation of quantization error (QE) and silhouette score
(SIL) over five runs, calculated using the geodesic distances. We also measure the
topographic error (TE) [I4] to assess topology preservation for the RNG, RSOM
and RPS. A visualization of an exemplary learning result for 16 prototypes on
the projected Moons dataset is shown in As summarized in the
Riemannian K-Means provides a robust baseline as evidenced through QE and
SIL, often achieving the second-best results. Yet, the RNG learns prototypes
that accurately represent the data in terms of the QE and better preserve the
topology compared to the RSOM or RPS across different manifolds and datasets,
while also achieving competitive clustering performance in terms of SIL.

Fig. 1: S? Learning results for RNG (a) and RSOM (b).

Table 1: Experimental results over five runs. Best bold, second best underlined.

Dataset &

Manifold Algorithm

R - NG R-SOM R-PS R - K-Means R - K-Medoids CLRQ
QE 0.11 +0.01 0.26 £ 0.01 0.48 £0.06 0.124+0.01 0.13 +0.01 0.16 +0.02

g,{oons SIL 0.49 + 0.01 0.38 & 0.01 0.36 + 0.04 0.46 £ 0.02  0.45 + 0.02 0.41 +0.04
TE 0.01 +0.01 0.05 4 0.02 0.23 + 0.10 - . -

Monas, QF 0:26£0.01 044+ 001 0.33£0.02 0.2740.01  0.31£0.01  0.3340.03
SO(m SIL 0.31+0.02 0.11 +0.01 0.28 +0.03 0.30 £0.03 0.21+0.03  0.25+0.06
TE 0.13 +0.03 0.36 4 0.01 0.45 + 0.07 - . -
porry QB 276 £0.01 3.59 £ 0.01 4.5740.00 2.83+0.06 3.47+0.02  3.24+0.06

Sn SIL 0.22 4+ 0.01 0.1340.01 0.01 +0.02 0.19+0.01 0.18 +0.01 0.17 £+ 0.02
++ TE 0.18 +0.04 0.31 4 0.01 0.26 +0.01 - - -

QE 1.33 +0.01 6.984+0.71 2.254+0.11 1.53 +0.02 1.93 4 0.01 1.52 £ 0.01

SIL 0.02 4+ 0.01 0.01 4 0.02 0.01 +0.01 0.08 +0.01 0.07 +0.01 0.05 4 0.01

TE 0.41 +0.01 0.90 4 0.01 0.87 +0.06 - - -

Pines
Gr(k,n)
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6 Conclusion

In this work, we introduced an extension of the Neural Gas algorithm to datasets
on Riemannian manifolds, based on geodesic distances and incremental updates
in tangent spaces. This enables the generation of prototypes and their topology
in an accurate manner. Furthermore, we provided formal and empirical argu-
ments for the viability of the algorithm. Applications of the approach could be
found in representation learning of manifold-valued data and as a method to
acquire accurate topologies of latent spaces of deep neural networks, which have
been recently interpreted as Riemannian manifolds [2].
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