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Abstract. Counterfactuals are useful objects to explain decisions of ma-
chine learning classifiers. In the best case, counterfactuals can provide to
derive causal inference structure realized by the model. Yet, counterfactual
generation in general is known as a constrained optimization problem.

In this contribution we demonstrate that counterfactuals can be deter-
mined geometric-analytically in case of prototype based classifiers. For
this we only require that nearest prototype classification is based on norms
induced by an inner product, which has to be applied for consistency also
to evaluate the deviation between a given sample and a desired counter-
factual class.

1 Introduction

The behavior of current (deep) machine models often is challenging to inter-
pret due to the huge model complexity. Yet, model explanations frequently are
demanded in many applications if crucial decisions have to be made and/or de-
pend on the model outcome. One regarding approach, originally considered in
cognitive science to describe contrastive learning , are so-called counterfactuals
[10, 14, 21]. In machine learning context, counterfactuals are used to determine
model inference limitations in terms of contrastive data samples describing the
model behavior for borderline decisions [3, 7, 19]. Yet, in combination with
interpretable machine learning approaches like prototype based models, coun-
terfactuals are particularly suited to explore and explain the model inference
[12].

Generating counterfactual is understood from machine learning perspective
as an optimization process to generate counter-examples regarding model pre-
dictions [22], which usually requires efficient optimization schemes due to the
generally non-linear optimization scheme [1].

In this contribution we show that the optimization process can be replaced by
geometric (analytic) determination of counterfactuals for prototype-based classi-
fiers like learning vector quantization (LVQ) avoiding the utilization of optimiza-
tion schemes. We give the respective specification of counterfactual definition
in contrast to adversarial samples and propose several counterfactual models for
prototype-based classifiers like the prominent family of interpretable and shallow
learning vector quantization variants [2]. Illustrative numerical examples reflect
the behavior of the proposed counterfactual models.
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2 Counterfactuals as Explorations of Model Limits

As already mentioned, counterfactual explanations should describe model deci-
sion limitations. For classification task this can be understood as the determina-
tion of a counterfactual x.s € R™ for a given data sample x € R™ with minimum
counterfactual deviation d.f (x,Xcf) but different class assignment by the clas-
sifier model M such that it can be interpreted as a model limit explanation.
Accordingly, counterfactual search is formulated as a constrained optimization
problem

et (X, Xct) < min subjectto epr (x) # ear (Xef) (1)

as proposed in [22]. Following [6, 15], it has to be carefully distinguished from
adversarial examples x,., which are designed to fool the model in such a way that
the model class assignment cps (X,e) differs from the true sample class ¢ (x) with
a small deviation 0, (X,Xae) < € for given threshold e > 0. In particular, the
adversarial deviation measure §, is usually selected in such a way that in this
adversarial aim small disturbances of the original x contained in the adversarial
Xae are difficult to detect by human perception. However, the internal, may be
implicitly defined, model dissimilarity usually becomes large leading to model
misclassification cps (Xae) # ¢ (x) [8, 6, 15].

To emphasize the aspect of model limit explanations by counterfactuals, we
claim that the counterfactual dissimilarity measure d.¢ to evaluate the deviations
has to be chosen consistently with the intern model dissimilarity either explicitly
or implicitly given e.g. by the respective dissimilarity or its inducing quantity
like inner products.

3 Prototype-based Classifiers and Geometric Counterfac-
tual Determination

3.1 Nearest Prototype Classification (NPC)

Prototype-based models for classification are interpretable and robust vector
quantizers of data x € X C R"™ based on the nearest-prototype-classification
principle (NPC) [17, 11, 2, 16]. Suppose a set P = {p1,...,pPm} C R™ of class-
responsible prototypes with class labels ¢ (pg) € C = {1,...,C} distributed in
the data cloud, for example by training of a LVQ variant like generalized LVQ
(GLVQ) [18]. We assume a dissimilarity measure d induced by a norm |||

Note that each norm is generated by a semi-inner product [-,] according to
IIx|l = v/[x, x] [13], whereas each inner product (-, -) also is a semi-inner product

and, therefore, induces a norm. Further, as well-known, each norm induces
a metric/distance [20] and, hence, the squared Euclidean metric d% (x,p;) =
(X — pj, X — pj) is a inner-product-induced dissimilarity.

In NPC, data classification by the model M is realized by a winner-takes-all
(WTA) decision

e (x)=c¢ (ps(x)) with s (x) = alrgmian:1 (d(x,p;)) (2)
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with respect to the chosen dissimilarity measure d. We take p™ = Ps(x) as
the best-matching prototype given x, whereas p~ denotes the best matching
prototype regarding another, may be predefined, class ¢~ # ¢ (p™*). Hence, the
local class decision for x between ¢~ and ¢ (p™) is determined by the hyperplane

pt-p oI e
Ipt —p I’ 2[pt —p|
3)
where h is the normal vector determining the hyperplane and by is the absolute
value shift. We remark that, obviously, ||h|| = 1 is assumed to be valid.
The set Vi, = {x € R"|k = s(x)} is the Voronoi-cell of the prototype pj and
%p (P) being the corresponding Delaunay-graph of P [5]. For a given prototype
pr € P with class assignment ¢ (py), N (px) C P denotes the set of prototype
neighbors of the prototype py in the graph % (P). This neighbor set can be
decomposed into N (px) = U N. (pr), where AL (pi) is the subset of only
those neighbors p; of py belonging to class ¢. Additionally, N~ (px) = N (px) \
Ne(py) (Pr) denotes the set of counterfactual prototype neighbor of py.

H(pt,p7) = {xeR”Hx,h}—bH:O, h=

3.2 Geometric Generation of Counterfactuals

In the following we will present three options to generate counterfactuals by
geometrically analytic solutions. Here we make explicitly use of the assumption
claimed previously that the counterfactual dissimilarity measure d.¢ has to con-
sistent with the model dissimilarity. Thus, we assume a norm ||-|| generated by
an inner product (-,-) for the data space to be used for the model dissimilarity
d in the WTA-rule (2) of NPC and set d.f = d.

Let p™,p~ € P be prototypes of a classifier model M in the sense of the
previous section such that the separating hyperplane H (p™,p~) between them
is given by (3). The distance of an arbitrary sample x € R™ to this hyper-
plane is defined by the solution of the minimum problem d (H (p*,p~),x) =
minyey |[u —x|| which can be calculated analytically. Using the property
||hi] = 1, we result

d(H (p",p").x) = by — (h,x)]

based on the orthogonal projection point xy € H of x by

2 2
Ip*I" — |l < P —p” >
Xg =X+ - ,x)|-h (4)
( 2[pt —p| Ipt —p|

A

which, in fact, is the best approximation of x within the hyperplane. Because
c(pT) #c(p™) and d(xp,pT) = d(xy,p~) is valid, xy constitutes a counter-
factual sample x.¢ for the original sample x with model class assignment ¢y (x)
with respect to the class ¢ (p™).

Another option for counterfactual generation would be the search for a coun-
terfactual starting at the given sample x along the direction vector z =p~ — x
pointing to p~ . In this case we get X.f = X + « - 2 where « is determined by
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Fig. 1: Illustration of the proposed three options to generate counterfactuals x.:
a) determination by means of the orthogonal projection, b) using the shift into
the direction of the best matching prototype p~ of the desired counterfactual
class and c¢) midpoint between best matching prototype p* and p~.

the constraint ||x.f — pT|| = ||xct — p~|| ensuring x.f € H (p*,p~). One easily
calculates ) )
_x=pIF — Jx—p|
2(p —x,p" —p7)
as the resulting scaling factor. This directed counterfactual version particularly
appreciates the information acquired by the prototype p~ during the learning.
If for the given sample must be assumed noisy uncertainty, it might be an
option to neglect the exact value of x and the counterfactual is determined using
only the prototypes p* and p~. This motivation gives the natural choice

pt+p~

5+ p" (5)

Xef =
constituting a noise robust setting.
Finally, one has to verify for the generated counterfactual that the class
prediction by the model is in agreement with the desired couterfactual class, i.e.
one has to validate cpr (Xef) = ¢(p~) because this restriction is not explicitly
used in the generating process.
The proposed variants of counterfactuals are visualized for a two-dimensional
setting in Fig. 1
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given sample winning prototype class dosired counterfactual class
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CF variant A CF variant B CF variant & CF variant B CF variant ¢

Fig. 2: Examples of counterfactual generation for MNIST-data: Left block
The sample x (uppper left corner) is classified by a prototype '9’ (p*) and the
desired counterfactual class is ’3’ with prototype p~ being depicted in the upper
right corner. The lower row shows the three types of geometric counterfactual
generation proposed in this paper see Fig. 1. Right block: Same as for the left
block but here for x as 4’ and the counterfactual should be ’0’.

CF variant A

4 Illustrative Numerical Experiments and Summary

For illustration of the proposed counterfactual variants we have chosen the well-
known MNIST-database [9]. We trained a standard GLVQ with 3 prototypes per
class and determined for a given sample the best matching prototype p™ together
with the best matching prototype p~ of a given desired class. Using these
prototypes, the introduced types of counterfacuals weere generated - see Fig. 2.
Obviously, we detect substantial variations between the generated counterfactual
depending on the type of generation, i.e. depending on the perspective/aim of
the counterfactual definition. This, however, is application and user dependent.
The approach can be extended to use in GMLVQ if applied in the embedding
space. An disadvantage of the current geometric counter factual generation is
the sensitivity regarding the separating hyperplane between the protototypes p+
and p~.

Therefore, future developments should take into account GLVQ hypothesis
margin information [4], which allows to generate 'more safe’ counterfactuals.
Another optioon for future research is to extend this approach for norms induced
by semi-inner products like genera [, norms [13].
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