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Abstract. Post-hoc explanation methods of image recognition models
often exhibit high variance or disagreement across explanations when the
input data are perturbed, the underlying models are modified, or differ-
ent explainability techniques are employed. To mitigate this issue, several
approaches have been proposed, among which ensemble strategies that
aggregate multiple explanations have attracted particular attention. Al-
though some of these methods demonstrate good empirical performance,
most existing works remain largely empirical, with limited theoretical jus-
tification or understanding of why ensemble strategies work and when
they fail. In this paper, we analyze the factors that influence the success
and failure of ensemble strategies that combines multiple explanations,
using different datasets, convolutional neural network architectures, post-
hoc explanation techniques, and ensembling strategies to identify the most
influential image patches. In particular, we compare various ensembling
strategies based on distinct voting principles - namely, Borda Count, Ke-
meny—Young, Reciprocal Rank Fusion, and the Schulze method - and show
that the performance of such ensemble methods depends on the degree of
satisfaction of their underlying theoretical assumptions.

1 Introduction

In recent years, post-hoc explanation methods for image models have become an
increasingly important research area, providing powerful tools for interpreting
complex black-box deep learning models in critical domains such as autonomous
driving and healthcare [I]. These methods typically aim to quantify the con-
tribution of each input pixel, or image patch, to a model’s prediction, follow-
ing three main paradigms [2]: gradient-based methods (e.g., Guided Backprop-
agation and Integrated Gradients), game-theoretic methods (e.g., SHAP and
GradientSHAP), and perturbation-based methods (e.g., Occlusion and Feature
Ablation). However, the practical usefulness of these explanations is limited
by a fundamental issue known as the disagreement problem, which arises when
explanations become inconsistent under changes of the input data, model param-
eters, or the choice of explainability technique [3]. This inconsistency stems from
several factors [4], including the high non-linearity of modern models, the pertur-
bation assumptions made about the data, and the methodological assumptions
underlying each explanation approach.

*This work is partially supported by (i) project ELSA — European Lighthouse on Secure
and Safe AI funded by the European Union’s Horizon Europe under the grant agreement
No. 101070617, (ii) project SERICS (PE00000014) and FAIR (PE00000013) under the NRRP
MUR program funded by the EU - NGEU, and (iii) project FISA-2023-00128 funded by the
MUR program “Fondo italiano per le scienze applicate”.
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Several approaches have been proposed to mitigate the disagreement prob-
lem [5], among which ensemble strategies - where multiple explanations are ag-
gregated to produce a single consolidated output - appear to be the most promis-
ing. Different studies have explored various aggregation schemes [6], including
normalization-based techniques, quality-based weighting, and supervised learn-
ing approaches. Despite their demonstrated empirical success, these methods
are largely driven by heuristic principles. As a result, a fundamental theoretical
understanding of the conditions under which an ensemble of explanations can
solve or mitigate the above mentioned disagreement problem remains largely
absent from the current literature.

In this work, the addressed explanation problem is the identification of the
top-k pXxp-patches that most strongly influence a model’s prediction. We con-
duct experiments on multiple datasets (ImageNet [7] and MedMNIST [§]), convo-
lutional neural network architectures (ResNet [9] and DenseNet [10]), and pixel-
wise attribution techniques [2](Saliency, InputXGradient, Guided Backpropaga-
tion, Deconvolution, Integrated Gradients, DeepLIFT, Occlusion, Feature Ab-
lation, GradientSHAP, and DeepLIFT SHAP). Pixel-wise attributions are then
aggregated into their corresponding pxp-patch representations through simple
averaging. Finally, we compare several ensemble strategies based on distinct vot-
ing principles (Simple Averaging [I1], Borda Count [12], Kemeny—Young [13],
Reciprocal Rank Fusion [14], and the Schulze method [15]). Our results show
that these approaches perform well only when their underlying theoretical as-
sumptions are approximately satisfied - specifically, when explanations are fil-
tered to include only those that adhere to the noise model assumed by the
corresponding voting principle. To the best of our knowledge, this study pro-
vides the first empirical evidence that theory-guided ensemble explanations for
image post-hoc interpretation can simultaneously achieve state-of-the-art empir-
ical performance.

2 Preliminaries

In this work, we consider a predictive model in the form of an image classifier
f: X — Y that maps an RGB input image » € X C {0,1,...,255}7%*3 to its
corresponding class label y € ). A pixel-wise explanation for the model f for
an image x with respect to the label y is represented by a matrix e(f,z,y) €
R7*¢x3 where large positive values indicate pixels that are more important
for predicting y, whereas large negative values indicate pixels that contribute
more to predicting the opposite class, denoted as —y, and small (positive or
negative) values indicate less important pixels. A top-k pxp-patch explanation
ekp(f,x,y) for the model f is defined as a matri in {0,1,---,}7/**/? where
each elements are are ranked from the top important 1 to least important. These
elements correspond to the top-k most important pxp patches in the image, i.e.,
the regions that contribute most to the prediction of y (or —y), thus representing
the decisive areas for the model’s output. Note that e(f,x,y) provides a more
informative and fine-grained explanation compared to ey ,(f, z,y). However, the
latter is significantly more interpretable for a human observer and can be derived
easily from the former, e.g., by taking the average absolute value of e(f,z,y) in

LWith slight abuse of notation, we assume that r and ¢ are multiples of p.
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the patch.

The quality of an explanation ey ,(f,x,y) can be assessed using different
metrics. Fidelity which measures the decrease in classification performance when
the top-k patches of the images (or their complements) are masked, denoted as F
(or F). Masking consists of replacing the selected patches with an uninformative
but non-disruptive value (e.g., class mean F¢ or dataset mean F¢). Consistency
which quantifies the percentage of prediction changes in f(x) after masking (as
in Fidelity). This results in four metrics following the same naming convention
as for fidelity: C¢, C?, C¢, and C%. Unlike Fidelity, this metric does not depend
on the original accuracy of the model, allowing aggregation across datasets and
model architectures. Robustness which measures the degradation in Fidelity
or Consistency between ey ,(f,z,y) and ex,(f, Z,y), where & is generated by
adding noise to x. We adopt the extended naming notation Ry (and RY™),
where x € {F,C}, o € {g,p,s} correspond to Gaussian, salt—-and—pepper, and
speckle noise, respectively, and * € {¢, d}.

If multiple explanations are available, i.e., {efcl’;(f,m,y), eg;(f,x, y),- -}, it

is possible to construct an ensemble explanation 61(51)7( fsx,y) using a voting mech-
anism to get an explanation which is better of any of the original ones.

3 Ensembling explanations

In this section, we describe the available voting mechanisms used to ensemble
explanations, together with the underlying hypotheses that, when satisfied, allow
us to establish their theoretical effectiveness.

The voting mechanisms for ensembling explanations can be broadly divided
into two categories: (i) theoretically grounded methods, which offer guarantees
of improvement or optimality under specific assumptions - such as the Borda
count, Schulze, Reciprocal Rank Fusion, and Kemeny-Young methods; and (ii)
heuristic methods, which are primarily practical and lack formal guarantees -
such as simple averaging techniques.

Theoretically grounded ensemble methods typically rely on two main hy-
potheses. The first is the independence assumption, which requires that each
ranking is generated independently of the others. The second is the noise model
assumption, which states that the observed rankings 7 follow an exponential
family distribution of the form

P{m | 7*} x exp [ — vd(ﬂ',ﬂ*)}, (1)

where 7* denotes the (unobserved) ground-truth optimal ranking - namely, the
oracle we aim to recover - d is a distance measure between rankings (e.g., an
¢1 distance), and ~ is the dispersion parameter governing the noise level. In
practice, of course, neither of the two hypotheses is fully satisfied.

Real independence is never fully achieved in practical applications, espe-
cially in model explanation or data discovery settings. In model explanation, all
explanations are generated from that same model, violating the independence
assumption. Similarly, in the data-discovery setting - where we examine expla-
nations from multiple models trained on the same dataset to extract meaningful
insights - the models themselves are trained on the same (or overlapped subset)
data and are therefore dependent, leading to dependent explanations as well. In
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data discovery, independence can be encouraged by training one or more mod-
els on different subsets of the data, thus allowing the generation of multiple,
diverse, and approximately independent explanations. Nevertheless, as we will
show with a simple experiment in Section [d] the lack of independence does not
substantially affect the quality of the ensembling in practice.

What instead has a much deeper impact on the quality of the ensembled ex-
planations is the extent to which the assumed noise model is actually satisfied.
Ensembling explanations that do not conform to the hypothesized noise model
can lead to outcomes worse than those of the best individual explanation in the
set. Conversely, when we ensemble explanations that satisfy the noise model un-
derlying the voting mechanism, the aggregated explanation consistently provides
an improvement over the best single explanation. Note that we cannot directly
verify the noise model, as doing so would require knowledge of unknown quanti-
ties such as the ground-truth ranking or the true noise distribution. Moreover,
we do not even know whether the explanations are genuinely generated from
an underlying ground-truth process. Nevertheless, we can estimate their em-
pirical distribution, substituting the deterministic quantities to their empirical
estimators. For this purpose, we proceeded as follows. Let us consider the model
explanation setting where several explanations for multiple inputs of on model
are available. We then select a subset of these explanations - for example, the
top-n ones - and ensemble them using the techniques under study (i.e., Borda
count, Schulze, Reciprocal Rank Fusion, or Kemeny-Young). In this step, we
assume that only a subset of these explanations satisfies the noise model. Next,
for each image, we compute the distance d(m, 7*) between each individual expla-
nation (ranking) 7 and the ensembled explanation 7*, and use these distances
to estimate the empirical version of P{m | 7*} in Eq. (I, denoted by P. Note
that P converges to P as the number of examples increases. At this point, we
show that the ensembled explanation begins to outperform the best individual
explanation in the set precisely when the top-n explanations exhibit an empiri-
cal distribution P that aligns with the noise model assumed by the ensembling
strategy.

4 Empirical Evidences

In this work, we considered four distinct datasets: the natural image dataset
ImageNet [7] and three medical image datasets from MedMNIST [§] (Blood-
MNIST, DermaMNIST, and BreastMNIST). The ImageNet dataset consists of
50,000 images across 1,000 classes. The MedMNIST datasets include DermaM-
NIST (10,015 images, 7 classes; 7,007 train / 1,003 validation / 2,005 test),
Blood MNIST (17,092 images, 8 classes; 11,959 train / 1,712 validation / 3,421
test), and BreastMNIST (780 images, 2 classes; 546 train / 78 validation /
156 test). We then fine-tuned two well-known architectures on these datasets:
ResNet-18 [9] and DenseNet-121 [10]. For the ImageNet experiments, we used
the official pre-trained weights provided by Torchvision. For the MedMNIST ex-
periments, the models were initialized from Torchvision and fine-tuned for 100
epochs using the Adam optimizer with a batch size of 128 and a learning rate
of 1 x 107°. Explanations for the test data were generated using ten attribution
methods: Saliency, InputXGradient, Guided Backpropagation, Deconvolution,
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Table 1: EXP2: Impact of noise model on ensemble performance (see Section
for the naming convention).

| B N L

ImageNet, ResNet-18

Best Explanation 0.34 [ 0.62 | 0.34 | 0.86 | 0.172 0.160 0.332 0.068 0.056 0.047
SimpleAvg 0.37 | 0.61 | 0.45 | 0.83 | 0.187 0.174 0.360 0.028 0.062 0.051
Borda (NAIVE) 0.35 [ 0.62 | 0.43 | 0.87 | 0.184 | 0.173 0.346 0.045 0.059 0.048
Borda (THEORY) 0.31 | 0.62 | 0.37 | 0.87 | 0.170 0.157 0.301 0.048 | 0.050 | 0.040
RRF (NAIVE) 0.37 | 0.62 | 0.45 | 0.87 | 0.194 0.174 0.362 0.026 0.066 0.053
RRF (THEORY) 0.30 [ 0.62 | 0.37 | 0.86 | 0.168 | 0.156 | 0.297 | 0.025 0.061 0.052
Schulze (NAIVE) 0.39 [ 0.62 | 0.47 | 0.85 | 0.196 0.181 0.379 0.011 0.065 0.047
Schulze (THEORY) 0.31 [ 0.62 | 0.37 | 0.86 | 0.173 0.160 0.305 | 0.004 | 0.059 0.046
Kemeny-Young (NAIVE) 0.35 | 0.62 | 0.42 | 0.87 | 0.184 0.170 0.345 0.048 0.063 0.049
Kemeny-Young (THEORY) 0.32 [ 0.62 | 0.43 | 0.87 | 0.174 0.161 0.313 0.064 0.052 0.053

DermaMnist, ResNet-18

Best Explanation 0.52 [ 0.73 | 0.59 | 0.98 | 0.011 0.003 | 0.033 | 0.018 0.002 0.002
SimpleAvg 0.57 [ 0.71 | 0.69 | 0.96 | 0.053 0.036 0.131 0.004 0.007 0.001
Borda (NAIVE) 0.51 [ 0.73 | 0.59 [ 0.98 | 0.001 0.008 0.082 0.054 0.014 0.019
Borda (THEORY) 0.49 [ 0.73 | 0.55 | 0.98 | 0.005 | 0.001 | 0.099 0.005 0.005 0.007
RRF (NAIVE) 0.53 | 0.73 | 0.61 | 0.98 | 0.007 0.005 0.072 0.071 | 0.001 | 0.004
RRF (THEORY) 0.48 | 0.73 | 0.54 | 0.98 | 0.001 | 0.007 0.066 0.001 0.003 0.002
Schulze (NAIVE) 0.55 [ 0.73 | 0.66 | 0.98 | 0.019 0.018 0.063 0.063 0.698 0.018
Schulze (THEORY) 0.49 [ 0.74| 0.55 | 0.98 | 0.004 0.010 0.068 0.030 | 0.001 | 0.002
Kemeny-Young (NAIVE) 0.51 [ 0.73 | 0.58 | 0.98 | 0.010 0.026 0.099 0.048 0.015 0.007

Kemeny-Young (THEORY) 0.49 [ 0.72 | 0.57 | 0.98 | 0.005 0.008 0.099 0.023 0.013 0.007

Integrated Gradients, DeepLIFT, Occlusion, Feature Ablation, GradientSHAP,
and DeepLIFT SHAP, all implemented via the Captum [16] library with stan-
dard hyperparameters. Finally, the explanations were ensembled using Simple
Averaging, Borda Count, Kemeny—Young, Reciprocal Rank Fusion (RRF), and
the Schulze method. Then we performed two main experiments: EXP1 and
EXP2.

EXP1 evaluates the impact of independence assumptions in a data discovery
scenario. We split the dataset into disjoint subsets and train separate models,
ensuring independence. Each model is then explained using different attribution
methods, producing independent sets of explanations. These explanations are
subsequently combined using various ensembling strategies. The results indicate
no meaningful differences compared to training all models on the same data. We
do not report the detailed results here due to space constraints, but they are
available in the paper’s repositor

EXP2 shows that a naive application of ensemble methods, without verify-
ing the noise assumptions, does not always guarantee an improvement over a
single explanation. For this analysis, we consider all combinations of datasets
and models, apply all explanation methods to obtain patch-level explanations,
and then combine them either naively (NAIVE) using the previously described
ensembling strategies or by selecting the top-n explanations, with the minimal
n required to satisfy the underlying noise model (THEORY), namely the ex-
ponential distribution of Eq. , using the Kolmogorov-Smirnov test. Table
reports the results for some representative datasets and models (the complete
one are available in the paper’s repositorym), using k = 20 and p = 14. From
Table |1} it is possible to observe that (i) empirical approaches such as Simple

?https://github.com/Xu-jinhua/Theoretical-Ensemble-Strategies-for-XAI
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Averaging and naive ensembling do not always provide benefits compared to se-
lecting the best individual explanation and (ii) when explanations are ensembled
using a theoretically guided strategy, there is a clear improvement that is both
practically useful and theoretically grounded. Further investigation is needed
to study the effect of k, p, the hyperparameters of the explanation methods,
and the number and type of datasets and models. Nevertheless, these prelimi-
nary results indicate that this research direction is promising and sheds light on
both practical and theoretical challenges related to improving and reconciling
different explanations.

5 Conclusions and Future Work

In this work, we investigated the theoretical foundations of ensemble strategies
for image post-hoc explanation and provided the first empirical evidence that
theory-guided aggregation can outperform the best individual explanation. Our
results show that naive ensembling does not consistently improve over single
explanations, and that the key determinant of success is the extent to which the
underlying noise model assumed by the voting mechanism is approximately sat-
isfied. When explanations are filtered according to this criterion, theoretically
grounded methods such as Borda Count, Kemeny-Young, Reciprocal Rank Fu-
sion, and the Schulze method provide reliable and robust improvements across
datasets and architectures.
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