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Abstract. Machine learning classifiers adjust implicitly or explicitly the
importance of the data features to solve a given classification task. This
feature weighting often does not imply feature sparseness, which, how-
ever, may be important for interpretability and model evaluation. This
contribution proposes how to force feature sparseness in combination with
feature relevance for prototype-based classification learning to obtain reli-
able and interpretable classification decisions.

1 Introduction

Learning vector quantization (LVQ) is a popular classification learning approach
originally introduced in [1]. it constitutes a prototype-based model realizing a
shallow but powerful scheme for learning and inference. The underlying nearest
prototype approach implies inherent model interpretability [2, 3]. A sophisti-
cated approximation of the classification error as provided in [4] allows gradient
descent learning for the prototype adjustment to be known as generalized LVQ
(GLVQ). It has been mathematically proven that GLVQ is a robust classifier
maximizing implicitly the hypothesis margin during learning [5, 6].

A substantial performance progress can be achieved if the (matrix) relevance
learning strategies for the determination of data feature importance and correla-
tions are incorporated into the basic learning scheme — GMLVQ [7, 8]. Relevance
learning also improves the GLVQ-interpretability by evaluation of the adjusted
feature relevances and correlations contributing to the classification decisions.
This has been demonstrated to be beneficial in particular in the context of bio-
medical research [9, 10, 11, 12]. Yet, interpretation of the relevance learning
result can be impractical if the number of data features is large as, for instance,
in gene expression data analysis, where hundreds or thousands of gene values are
investigated. To overcome related challenges, recently developed variants try to
regularize relevance learning by incorporation of external expert knowledge [13].
However, this attempt in general does not lead to a substantial reduction of fea-
ture influence for the classification decisions. This is considered disadvantageous
if the relevant features have to be further investigated, e.g. by bio-chemical an-
alyzes or medical treatment research [14]. For those problems a sparse feature
relevance provides an option to reduce costs and efforts significantly.
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Feature sparseness in machine learning frequently is realized by a respective
lo-regularization of feature weighting being well-considered in (deep) multilayer
perceptron learning [15, 16]. The lp-regularization adjustment using an approx-
imated gradient approach is known from [17, 18]. A respective approach in
the context of relevance learning for GMLVQ is not considered so far. Thus,
we propose in this contribution how to combine relevance learning with feature
sparse by lp-regularization for GMLVQ and provide a respective gradient de-
scent learning scheme. We denote this variant as sparse GMLVQ (sGMLVQ)
and demonstrate the model abilities for bio-chemical classification problems.

2 Generalized Matrix LVQ (GMLVQ)

Suppose classification training data 7 = {(x,c(x))} C R™ x C in the feature
data space R™ where C = {1,...,C} is the set of the available classes such
that ¢(x) is the class label for a sample x. Further, GMLVQ requires a set
P ={(p,c(p))} C R™ xC of M prototypes p such that each class is represented
by at least one prototype. GMLVQ inference for an unknown sample x € R"”
is based on the nearest prototype classification principle (NPCP) X — ¢ (ps(;{))

where s (X) = argmin dg (X, p;) is the index of the closest prototype to % with
i=1,...,
respect to the parametrized dissimilarity measure

de (x,p) = (2x —p)' (2x —p)

representing the squared Euclidean in the data embedding space R™ and the
embedding map Q € R™*™. In GMLVQ the cost function

dﬂ (X7p+) - dﬂ (va_))
da (x,p*) +da (x,p™)

Ecuwq (T,P,Q) = > f(
(x,c(x))ET

is minimized, with f(-) being a monotonically increasing function frequently
chosen as sigmoidal. The parameters p™, p~ are the best matching correct and
incorrect prototypes for the training pair (x, ¢ (x)), respectively. This cost func-
tion approximates the classification error and allows stochastic gradient descent
learning (SGDL) for the prototypes [4]. Further, SGDL for the mapping ma-
trix €2 realizes a relevance learning scheme adjusting the embedding in this way
that best class separation by means of the prototype set P is achieved [8]. The
resulting matrix A = Q" - Q is denoted as relevance matrix or classification cor-
relation matrix, because the entries A;; can be interpreted as feature correlations
contributing to class separation. Original relevance learning as proposed in [7]
by immediate feature weighting is obtained for the choice m = n and diagonal
Q. Yet, neither GMLVQ nor original relevance learning tackle the problem of
feature sparseness.

3 Feature Sparseness in GMLVQ

As already pointed out in the introduction, feature sparseness becomes impor-
tant if the number of data features required for sufficient classification per-
formance has to be reduced according to external constraints like minimizing
feature generation costs or better model interpretability. To incorporate fea-
ture sparseness in GMLV(Q we parametrize the mapping matrix © € R™*" by
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Qg = (51 Q... |sn - Qp) where Q; = (Q14,.. .7Qmi)T € R™ are the column
vectors of  and s = (sy,...,8,) is the sparseness vector. Further we assume
Sp = r,zc to ensure positive values for s; and observe that

Q- x=Q(sox) (1)

is valid. Thus, the sparseness vector forces feature sparsity for ||s||, “\, min,
which is known as lp-regularization [16].!

The quantity [|s||, = #{j € {1,...,n}|s; # 0} is known as lo-(pseudo)-norm
and counts the non-zero elements of s.It shares three out of the four axioms of a
norm: non-negativity, positivity and sub-additivity (A-inequality) [20, 21, 19].
Yet, the 1-homogeneity does not hold true, i.e. || - ||, # |a| [|Ir]|, is valid, which

implies non-convexity. In contrast, it is 0-homogeneous: || - ||, = ||r|,-
Using this regularization, we consider the cost function
Esamvg (T,P,82) = (1 =7) - Eamva (T, P, Q) + v - [Isll (2)

for feature-sparse GMLVQ (sGMLVQ) where the lyp-regularization determines a
penalty term. SGDL for this cost function with respect to both, the prototypes
P and the mapping matrix €2, is only marginally influenced by the sparseness
vector interpreting s o z as a modified data sample. To avoid standard LASSO
optimization to determine sparse s-vectors, we prefer SGDL for the sparseness
penalty ||s||,, which, however, requires smooth approximations. Following [17],
we take the approximation Iy (s) = >";_; g (wy) where g (wy) are smooth func-
tions. In [17, 18] the functions

2

7 r?
ge(rg) =1—exp | —=% and g, (1) =

2
T'k+€

52 3)

are considered where €,0 > 0 are a hyperparameters, respectively, and
sk = 17 as defined before. Other approaches can be found in [22] Further,
additional knowledge regarding supposed feature importance can be included
using appropriate initializations sg.

4 Numerical Experiments and Results

4.1 Datasets and Standardized Learning Procedure

The experimental evaluation employs three standard benchmark datasets from
the UCI-database [23] that span medical diagnostics and chemical analysis: (i)
the Wisconsin Diagnostic Breast Cancer (WDBC) dataset, comprising 569 tu-
mor samples (benign or malignant) described by n = 30 real-valued morpholog-
ical features; (ii) the Pima Indians Diabetes (PIMA) dataset, containing n = 8
clinical values for 768 female patients of Pima heritage with a binary outcome in-
dicating the presence or absence of diabetes; and (iii) the Wine dataset (WINE),
which includes 178 instances of three cultivars of the Italian wine each described
by n = 13 physicochemical attributes. A fourth dataset of cancer patients (P-
NET) was chosen which already has a vastly reduced feature set n = 60 in order

!Further, the level sets £§ = {s € R"|||s||, < k} are established and for the subset K C
{1,...n} the set Sx = {s € R"|s, =0 <= k ¢ K} determines the subspace of R” containing
those vectors whose elements sy, are vanishing if k does not belong to K [19].
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Fig. 1: WDBC: validation performance (blue) and ||s||o (purple) for GMLVQ
followed by sGMLVQ. Three checkpoints are marked: Dy with 23 features, Ds
with 8 and D1 with only 4 remaining features (more explanation in text).

to see whether it can be reduced further. The data stems from [24] and has been
examined in [13]. The training process consists of the following steps:

e GMLVQ with Q € R™*" with m < n is trained for fixed s (Vj : s; = 1)
until convergence; classification validation measure (Matthews correlation
coefficient — MCC) is determined and referred as original MCC (oM CC)

e (2 is then fixed and s is enabled to receive updates from the optimizer but
~ = 0 is constant until current MCC is converged

e Continue training with slow linearly increasing penalty factor v from (2)
enforcing feature sparseness using the approximation g, from (3) for gra-
dient decent learning of ly. influence/importance of the penalty term is
gradually and linearly increased slightly each epoch.

e Training is stopped if the current MCC drops down significantly compared
to the original MCC

4.2 Analysis and Results

As the sparsity constraint gains influence over the loss to limit the number of
used features, performance inevitably drops. The amount of decrease depends
on the specific dataset and its domain. To deal with this data specificity but
keeping comparability we identify this tipping point Dy by an one-sided t-test
[25] between current MCC (sliding average) and oM CC for each experiment
separately and determine the corresponding number 7y of remaining features.
Further tipping points D; were determined at which the performance loss signif-
icantly is greater than 5% and 10% compared to oM CC yielding 75 and 719 as
the number of remaining features, respectively. An illustration of this behavior
for WDBC is depicted in Fig. 1.

The results for all four datasets according to this setting are summarized in
Tab. 1. We observe that frequently a still high performance can be kept although
the number of remaining features is significantly reduced. As expected, if the
information loss by feature elimination becomes too large, model performance
collapses.
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GMLVQ sGMLVQ
Dq Ds Dqg

dataset MCC MCC Mo MCC 75 MCC Mo
WDBC | 0.962 0.936 15.0 0.879 5.2 0.815 3.5

n=30 + 0.02 +004 +£78 +004 +1.5 + 0.07 £+ 1.2
WINE | 0.976 0.965 8.3 0913 4.7 0.860 3.2

n=13 + 0.04 +0.04 £29 + 0.06 +1.8 +0.08 +0.9
PIMA | 0.533 0.478 4.4 0.439 3.0 0.399 2.6

n==8 + 0.08 + 0.08 + 1.7 + 0.07 +£09 + 0.07 +£0.5
P-NET | 0.680 0.633 51.8 0.606  28.7 0.564 11.8

n=60 + 0.05 + 005 +£17.0 | £0.05 +24.1 | £0.06 +£17.5

Table 1: Validation MCC values together with the lp-norm value 7 for the stan-
dard GMLVQ and the sGMLVQ for different D-levels (D; means % difference to
the original MCC value). All constellations run 10x with 5-fold cross validation.

5 Conclusions

In this contribution we propose a feature elimination scheme by ly-norm penalty,
which can be used in matrix relevance learning vector quantization. In this way,
the idea of relevance learning to determine important feature correlations for
classification decision can be preserved and is overlayed by the enforcement of
feature sparseness. Further investigations should include the interpretation and
evaluation of the corresponding re-adjustement of relevance matrix, which could
contribute to causal inference patterns.
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