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Abstract. Small LLMs struggle to acquire robust reasoning through
RLVR due to instability and reward sparsity, and standard SFT, which
directly imitates teacher-generated reasoning traces, inherits erroneous in-
termediate steps and collapses reasoning diversity. We introduce VGGM,
a selective-learning objective that applies gradients only to verified correc-
tion segments, preventing error memorization and mitigating excessive en-
tropy collapse. VGGM yields more stable optimization, stronger metacog-
nitive correction behavior, and substantially higher data efficiency. Across
GSM8K, MATH, and AMC’23, VGGM consistently outperforms standard
SFT and, when combined with GRPO, achieves performance approaching
DeepSeek-R1-distillation models while using 40× less supervised data.

1 Introduction and Related Work

Large Language Models (LLMs) have recently shown strong advances in math-
ematical and logical reasoning, and two primary paradigms have emerged for
eliciting such reasoning abilities. The first is Reinforcement Learning with Verifi-
able Rewards (RLVR), introduced by DeepSeek-R1 [1]. RLVR directly optimizes
reasoning quality using structured outcome-based rewards and has shown strong
performance in large models. However, recent empirical observations highlight
its limitations in small models: RLVR training is inherently unstable, sensitive to
exploration noise, and often fails to converge to reliable reasoning behaviors due
to the difficulty of long-horizon credit assignment and reward sparsity. A second,
widely adopted approach for enabling reasoning in small models is supervised
fine-tuning (SFT) on reasoning trajectories generated by a strong teacher model.
Works such as S1 [2] and LIMO [3] show that SFT alone can yield surprisingly
strong performance, even rivaling much larger models. Consequently, SFT has
become the de facto standard for distilling reasoning into compact student mod-
els due to its simplicity, stability, and data efficiency. However, this approach
suffers from two fundamental limitations that hinder generalizable reasoning.

First, SFT treats every step in a reasoning trace as equally reliable, even
when early steps are misleading or later corrected. In practice, this means the
model also learns noisy intermediate reasoning that should not contribute to its
final solution. Moreover, this uniform supervision blurs the distinction between
mistakes and their resolution, preventing the model from learning how to revise
or regulate its own reasoning. Second, SFT fundamentally collapses reasoning
diversity. The cross-entropy objective concentrates probability mass on a single
next-token target, making the model overly deterministic and optimizing it for
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pass@1 rather than pass@N [4]. This collapse is especially harmful at key forking
tokens—high-entropy positions where multiple valid reasoning paths branch—
where SFT sharply reduces entropy and suppresses alternative trajectories. As
a result, the model loses the flexibility to explore diverse reasoning chains, re-
peatedly reproduces the same incorrect solution under multi-sample decoding,
and generalizes poorly to problems requiring path-level variability [5].

2 Verification-Guided Gradient Masking

Standard SFT assumes that longer reasoning traces naturally improve perfor-
mance, indiscriminately training all tokens via next-token prediction [2, 3]. How-
ever, this oversimplified assumption ultimately limits the development of robust
reasoning capabilities, a shortcoming also observed in DeepSeek-R1-Distill mod-
els trained on 800k samples generated by DeepSeek-R1 [1], as we discuss below.

The Error Propagation Problem. Reasoning sequences often include in-
termediate mistakes later corrected through verification, e.g., “The total apples
are 120. Therefore, remaining apples are 120 × 1

4 = 40 (incorrect). Wait, let
me recalculate: 120 × 1

4 = 30 (correct)”. However, standard SFT assigns equal

weight to all tokens, Ltraditional = −
∑T

t=1 logPθ(yt|x, y<t), learning both incor-
rect and corrected steps indiscriminately. This leads to the internalization of
flawed reasoning, causing error accumulation and reduced self-correction ability.

Beyond memorizing erroneous steps, indiscriminate SFT introduces gradient
noise analogous to training with noisy labels [6]: incorrect intermediate calcu-
lations push parameters toward wrong solution regions, while later corrective
steps pull them back in the opposite direction. This tug-of-war inflates gradient
variance and destabilizes convergence, causing oscillatory loss behavior.

The Metacognitive Capability Gap. Beyond error propagation, existing
methods fail to develop genuine metacognitive capabilities—the capacity to mon-
itor and regulate their own reasoning. The essence of System-2 reasoning lies not
in sequential inference but in self-verification and error correction that enable
reflection. However, models trained with standard SFT merely imitate verifica-
tion cues (e.g., “Wait!”, “Let me reconsider”) without true self-evaluation [7],
reflecting surface-level mimicry rather than genuine metacognitive reasoning.

Verification-Guided Gradient Masking (VGGM). We introduce VGGM
to address both issues through selective learning, enabling models to “learn only
from correct segments” while “genuinely internalizing verification rather than
merely mimicking patterns”. Our objective applies gradients conditionally:

Ladaptive = −

N
∑

i=1

T
∑

t=tstart

logPθ(yi,t|xi, yi,<t), tstart =

{

1 if vi = 0

Tlast if vi = 1
(1)

where Tlast denotes the start of the final verification segment. For samples
containing verification (vi = 1), gradients are applied only from Tlast onward to
avoid learning erroneous intermediate steps, enabling the model to internalize
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genuine correction behavior. We employ the OpenR1-Math-220k [8], leveraging
DeepSeek-R1’s reasoning, yielding 29,848 samples. Using Claude-3.5-Sonnet, we
automatically identify final verification elements and insert standardized “Wait!”
triggers at Tlast for consistent metacognitive learning signals. Since about 90%
of samples contain verification (vi = 1), relying solely on this setting would bias
training toward verification-conditioned reasoning. To maintain balance, we
sample 12k instances with vi = 1, 8k with vi = 0, and reserve 9,848 for GRPO
[1], enabling the model to learn both direct problem-solving and self-verification.

Our method is conceptually analogous to the GCE loss for noisy-label train-
ing, which attenuates gradients from unreliable supervision [6]. The GCE work
pointed out that cross-entropy is sensitive to noisy labels and tends to memorize
error patterns. Just as GCE prevents models from memorizing erroneous super-
vision at the label level, our VGGM prevents models from internalizing erroneous
intermediate steps at the token level. Both approaches converge on the same
principle: robustness arises not from learning everything indiscriminately, but
from selectively emphasizing clean supervision while suppressing noise, making
VGGM a reasoning-specialized extension of GCE for sequence-level training.

Complementing this mitigation of error propagation, VGGM also addresses
the metacognitive capability gap through its handling of pre-Wait! prefixes.
Although the full sequence still passes through the attention mechanism in the
forward pass—meaning that pre-Wait! tokens can indirectly influence hidden
states and propagate gradients into the model parameters—we set the loss to
zero for all such pre-Wait! tokens, so these erroneous prefixes serve only as
contextual conditioning rather than misleading supervision. In effect, the model
sees but does not learn from early mistakes: credit assignment is restricted solely
to the verified correction segment, enabling the model to learn how to revise an
errorful trajectory instead of imitating it. This contrasts with truncation, which
removes the error context and prevents learning the realistic error → detec-
tion → correction pattern that is essential for genuine metacognitive reasoning.

In addition, VGGM preserves broader token-level uncertainty by updating
only verified suffixes. Since gradients are applied exclusively to the final cor-
rection segment, earlier tokens, where uncertainty is naturally higher due to
branching reasoning paths, remain unsharpened by cross-entropy updates.

3 Experiments

3.1 Entropy Preservation Analysis

(a) Base (b) standard SFT (c) VGGM (d) Fork-Token Ratio

Fig. 1: Token-level entropy histograms and fork-token positional distribution.
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We evaluate entropy behavior on the MATH dataset by generating 8 rollouts per
question and computing token entropy as: Ht = −

∑V
j=1 pt,j log pt,j , where pt =

Softmax
(

zt/T
)

. Columns (a)-(c) in Figure 1 show token entropy distributions for
the base model, standard SFT, and VGGM, and column (d) shows the positional
distribution of high-entropy fork-tokens across reasoning steps [5].

Standard SFT shows clear entropy collapse, sharpening logits across the full
sequence—even at steps where uncertainty should remain to support alternative
reasoning paths. In contrast, VGGM maintains substantially higher entropy
in the early reasoning phase by limiting gradient updates to verified suffixes,
preventing premature commitment to a single trajectory. Consistent with this
pattern, the positional distribution of forking tokens shows that high-entropy
branching decisions primarily occur early in the reasoning trace, where VGGM
preserves exploratory diversity while standard SFT rapidly collapses uncertainty.

3.2 Effect of VGGM on Reasoning Performance

We evaluate how VGGM improves reasoning quality in Qwen2.5-7B-Base [9]
across three mathematical benchmarks: GSM8K [10], MATH [11], and AMC’23.

Table 1: Benchmark performance.

Method GSM8K MATH AMC

Base (No SFT) 66.2 46.5 28.2
Base + GRPO 74.2 50.5 30.1
SFT (No Masking) 78.2 67.8 52.3
SFT (No Masking) + GRPO 80.7 69.0 54.1
SFT (VGGM) 83.1 71.3 58.7
SFT (VGGM) + GRPO 87.3 74.9 62.7

Table 1 shows that VGGM im-
proves supervised fine-tuning by
blocking gradients from incorrect
segments, yielding a cleaner and
more stable reasoning foundation
than standard SFT. Moreover,
VGGM shows far less entropy col-
lapse, preserving more diverse reasoning paths before RL. This retained diversity
gives GRPO a broader exploration space, enabling substantially larger RL-driven
gains [12]. As a result, VGGM benefits far more from GRPO than standard SFT,
ultimately achieving the highest performance across all benchmarks.

3.3 Stabilizing Training Through VGGM

(a) GSM8K Convergence (b) MATH Convergence (c) Training Loss Stability

Fig. 2: Convergence and loss stability comparison: No-Masking vs. VGGM

Without masking, accuracy peaks early (9k/12k on GSM8K/MATH) and then
declines, as fitting erroneous reasoning steps pushes optimization away from
globally optimal regions and traps training in suboptimal local minima. In con-
trast, VGGM continues to improve until 15k/19k samples, showing more stable
convergence and better generalization (Figure 2). Although non-masked SFT
learns faster initially, VGGM delivers steadier progress and stronger systematic
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reasoning. Loss curves reflect the same pattern: non-masked SFT exhibits fre-
quent spikes from conflicting gradients, whereas VGGM shows a smooth down-
ward trajectory, confirming stabilized optimization and consistent convergence.

3.4 Data-Efficient Comparison with DeepSeek-R1-Distill models

We follow the same evaluation protocol as in our main experiments on GSM8K,
MATH, and AMC’23, using Llama3.1-8B-Base and Qwen2.5-7B-Base to enable
direct comparison with publicly available DeepSeek-R1 distillation checkpoints.
While DeepSeek-R1 distill models are trained on 800k samples generated

by the DeepSeek-R1 teacher [1], our OpenR1-Math-220 dataset contains
only 20k examples (40× smaller) but is produced by the same DeepSeek-R1
teacher with identical reasoning style and verification structure [8]. This ensures
matched data quality and distribution, so performance differences primarily re-
flect data scale, enabling a fair assessment of verification-guided data efficiency.

Table 2: Comparison of VGGM-trained models with DeepSeek-R1 distillation models.

Model / Setting Student Model GSM8K MATH AMC

Llama3.1-8B Llama3.1-8B-Base 45.1 19.8 12.3
Llama3.1-8B + SFT (No Masking, 20k) Llama3.1-8B-Base 74.1 57.9 45.2
Llama3.1-8B + SFT (VGGM, 20k) Llama3.1-8B-Base 79.1 62.9 50.4
DeepSeek-R1-Distill-Llama (No Masking, 800k) Llama3.1-8B-Base 83.4 68.4 57.2

Qwen2.5-7B + SFT (VGGM, 20k) Qwen2.5-7B-Base 83.1 71.3 58.7
DeepSeek-R1-Distill-Qwen (No Masking, 800k) Qwen2.5-Math-7B-Base 89.2 76.7 65.8

VGGM nearly matches DeepSeek-R1-Distill models despite using far less
data, demonstrating its data-efficient learning. (1) Whereas DeepSeek-R1-
Distill-Llama is trained on 800k samples (83.4/68.4/57.2), standard SFT with
only 20k examples reaches just 74.1/57.9/45.2, highlighting its strong reliance on
data scale. (2) With the same 20k samples, VGGM achieves 79.1/62.9/50.4, sub-
stantially closing this gap by using verified reasoning signals. (3) On Qwen2.5,
VGGM (83.1/71.3/58.7) approaches DeepSeek-R1-Distill-Qwen (89.2/76.7/65.8),
and its training curves continue rising, suggesting potential parity with large-
scale distillation models even without massive teacher-generated reasoning traces.

3.5 Synergy Between VGGM and Test-time Budget Forcing

We analyze how VGGM interacts with test-time budget forcing, a reasoning-
length control method from the s1 framework [2] that inserts “Wait!” tokens to
encourage models to think longer. Under standard SFT, a single Wait! token
slightly reduced GSM8K accuracy (−0.9%), yielded only small gains on MATH
(+0.6%), and produced a minor improvement on AMC’23 (+0.2%). In contrast,
VGGM delivered consistent gains of +1.1% on GSM8K, +2.3% on MATH,
and +1.8% on AMC’23. These results show that budget forcing is effective only
when the model has a semantically grounded sense of verification: without
VGGM, the Wait! token adds superficial verbosity, whereas with VGGM it
reliably triggers genuine re-evaluation and correction, indicating strong synergy
between verification-aware training and budget-controlled inference.
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4 Conclusion

Selective supervision is more effective than full-sequence imitation for training
robust reasoning in small LLMs. By masking gradients on erroneous prefixes and
learning only from verified corrections, VGGM stabilizes optimization, prevents
error propagation, and preserves token-level entropy at key branching points,
maintaining reasoning diversity. This yields a stronger initialization for RL and
leads to larger gains from GRPO. Despite using far less data, VGGM approaches
the performance of large-scale DeepSeek-R1 distillation, demonstrating data ef-
ficiency and viability as an alternative to massive teacher-generated distillation.
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