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Abstract.Recently,theso-calledBackpropagationThroughStruc-
ture(BPTS)gradientcalculationalgorithmhasbeendevelopedtocap-
turelearningscenarioswheredataisadequatelyrepresentedbyhybrid
continuous-discretestructures(e.g.labeledorderedtrees,nodesaug-
mentedbycontinuousinformation).BPTScanbeviewedasanex-
tensionofthewell-knownBackpropagationThroughTime(BPTT)al-
gorithmfordiscrete-timedynamicalsystemsandsequenceprocessing.
Thewell-known(functionallyequivalent)Real-timeRecurrentLearning
(RTRL)algorithmhastobefavoredtoBPTTiflongsequencesare
processed.
ThispaperinvestigateswhetherandhowRTRLcanbegeneralized{
whileconservingitsappealingalgorithmicproperties{tocalculatethe
gradientinformationformodelsoperatingonthedomainofrootedla-
beledorderedtrees.Theanswerispartlynegative.Itturnsoutthat
apostordertraversalofthetreehastobeobeyedinordertokeepthe
spaceconsumptionindependentfromthesizeoftheinputstructures.
Byprocessingverticesinaninversetopologicalorderingthealgorithm
canalsobeappliedonlabeleddirectedorderedacyclicgraphs.However,
weshowthatonthisgraphdomainthememoryconsumptiongrows(in
theworstcase)linearlywiththesizeoftheinputstructure.

1Introduction

Recently,the\zoo"ofanalogmodelsofcomputationandlearninghasbeenex-
tendedbysomeinhabitantsthatarecapabletocapturestructuredinformation
(foranintroductionbasedonaprobabilisticframeworkseeFrasconietal.[2]).
Forthepurposeofthispaperwefocusourattentiontotheclassoftree-recursive
dynamicalsystems(TRDS)whichcanberegardedasdeterministicmachines
designedtomaprootedlabeledorderedtreestotheEuclideanspace.

De�nition1(TRDS)LetT(U)bethesetofrootedlabeledorderedtrees
(wherenodescarrylabelsofthetypeU)withmaximumoutdegreekandlet'�'
denotethevectorconcatenationoperator.Atree-recursivedynamicalsystem
(TRDS)(M;nil;f;h)consistsofastatespaceM�R

m
,anencodingnil2M

ofthe\emptytree"andtwofunctionsf,hofthetypef:U�M
k
!Mand

h:M!R
q
whereq2N.Lett2T(U)beanarbitrarytreewithd�k

immediatesubtreest1;t2;:::;td.Themappingg:T(U)!Misde�nedby
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tree-recursion

g(t)=f(�(root(t));g(t1)�g(t2)�����g(td)�nil�����nil
|{z}

k�d

)(1)

wheretheoperatorrootextractstherootnodeofatreeand�itslabelinfor-
mation.Finallythemapping�:T(U)!R

q
computedbytheTRDSisde�ned

bythecompositionofgwiththeoutputfunctionh,i.e.�:=h�g.

Theso-calledneuralfoldingarchitecture(FA)isanexamplefor\neuralnet-
work"instancesoftheTRDSmodel(GollerandK�uchler[3]).Themappingsf
andhareimplementedbystandardmulti-layerneuralnetworks.Severalother
neuralnetworkarchitectures(e.g.cascadecorrelation,neuraltrees)havebeen
usedinasimilarmanner(SperdutiandStarita[5]).TRDSareverypowerful
modelsofcomputation.Hammer[4]provedtheFAtobeauniversalapproxi-
matorformappingsofthetype�:T(R

n
)!R

q
.

Thebasicideatoincorporateadaptivity(\learning")intoTRDSmodelsis
tochooseparameterizedfunctionsf,handtoestimatetheseparametersac-
cordingtothegiventaskanddata.Thelearningtaskcanoftenbeadequately
formulatedastheoptimizationofanerrormeasureE(intheparameterspace)
whichdependssomehowontheparametervectorsw

f
;w

h
(foundinf,h)and

ontheoutput�̂(t)thatiscomputedbythegivenTRDS(underitscurrentpa-
rametersettings)fortreestfromagivendatasetP.Gradient-basedmethods

1

areusuallytakenintoaccounttosolvethisoptimizationproblemiftheerror
measureisacontinuousanddi�erentiablefunctionontheregionofinterest.

Recently,thewell-knownBackpropagationThroughTime(BPTT)algorithm
fordiscrete-timedynamicalsystemsandsequenceprocessinghasbeengen-
eralizedtotheso-calledBackpropagationThroughStructure(BPTS)scheme
whichallowstocomputethe�rst-ordergradientforfunctionalexpressionswhere
rootedlabeledorderedtrees(mappedbytheFA)areembedded[3].BothBPTT
andBPTSaretime-e�cientalgorithms,howevertheirmemoryconsumption
growslinearlywiththesizeoftheinputstructures.Thewell-knownReal-time
RecurrentLearning(RTRL)algorithmworkswithconstantspaceandistobe
favoredto(thefunctionallyequivalent)BPTTiflongsequencesaregoingtobe
processed(werefertoWilliamsandZipser[6]).Furthermore,itisapplicable
foradaptingmodelstoanin�nitestreamofdata,whileBPTTisnot.

InthispaperweinvestigatewhetherandhowRTRLcanbegeneralized{
whileconservingitsappealingalgorithmicproperties{tooperateforTRDS
onthetreedomain.WepresentthemathematicalderivationofaRTRL-style
gradientcalculationforTRDSinSection2(forthespecialcaseofneuralnet-
workinstances,seeSperdutiandStarita[5]).Thealgorithmicperspectiveis
elaboratedinSection3andSection4.Section5istosummarizethemajor
implications.

1SeeBaldi[1]forasurveyfromadynamicalsystemsperspective.
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2Tree-RecursiveCalculationoftheGradient

ForreasonsofsimplicityweassumeforagivenTRDS(M;nil;f;h)with
M=R

m
,f:R

n+km
!R

m
,h:R

m
!R

q
,nil2R

m
themappingsf,

handtheerrorfunctionE:
f�
h!Rtobecontinuousanddi�er-
entiableonthewholeparameterspace
f�
h.Letthedatabegivenby
P=f(s1;�(s1);(s2;�(s2);:::;(sp;�(sp))gwheresi2T(R

n
)and�(si)2R

q
,

let�̂j(j=1;2;:::;q)denotethei-thfunction�̂j:T(R
n
)!Rofthe�eld�̂

computedbytheTRDSunderthecurrentparameterassignment.Further,let
w

f
,w

h
bethearenf=dim(
f),nh=dim(
h)-dimensionalparametervectors

belongingtof,h.Withoutlossofgeneralitythecalculationofthegradientis
exempli�edbysupervisedlearningandthepopularmeansquarederrorfunction

E=
1

2

p
X
i=1

E(si)=
1

2

p
X
i=1

q
X
j=1

(�j(si)��̂j(si))
2

Thus,theobjectiveistocalculatee
f
(t):=@E(t)=@w

f
ande

h
(t):=@E(t)=@w

h

(e
f
(t)2R

nf
ande

h
(t)2R

nh
)foragiveninputtreet2T(R

n
).Wede�nethe

followingfunctionalmatricesascompactrepresentationsofpartialderivatives.

Gij(t):=@gj(t)=@w
f

G2R
nf�m

J
h
ij(g(t)):=hj;xi(g(t))J

h
2R

m�q

Hij(g(t)):=@hj(g(t))=@w
h

H2R
nh�q

J
f(r)
ij(x(t)):=fj;xn+(r�1)m+i(x(t))J

f(r)
2R

m�m
;1�r�k

Fij(x(t)):=@fj(x(t))=@w
f

F2R
nf�m

Notethathj;xi:=@hj=@xiisashorthandforthepartialderivativeofhjwith
respecttoitsi-thargument,i.e.J

f(r)
andJ

h
arethetransposedJacobianma-

tricesofthemappingsfandhatthelocationsx(t)2R
n+km

andg(t)2R
m
.

ThevaluekdenotesthemaximumoutdegreefoundinthetreedomainT(R
n
)

andz(t):=(�̂(t)��(t))2R
q
thedi�erencebetweencomputedanddesired

outputforagiveninputtree.Byapplyingthewell-knowngeneralizedchain
rulefordi�erentialsonthethecomposition�̂:=h�g(seeDe�nition1)weget

e
h
(t)=H(g(t))�z(t)e

f
(t)=G(t)�(J

h
(g(t))�z(t))(2)

Now,lett2T(R
n
)beanarbitrarytreewithd�kimmediatesubtrees

t1;t2;:::;td.Thetree-recursivedynamics(seeEquation1)canbeutilizedto
directlyevolvethepartialderivativeG(t)to

G(t)=F(x(t))+

dX
i=1

G(ti)�J
f(i)

(x(t))(3)

wherex(t)=�(root(t))�f(x(t1))�����f(x(td))�nil�����nil |{z}
k�d

Equation3measuresthetotalimpactofthevariablesw
f
onthetargetg,i.e.

thedirecte�ects(F(x(t)),viaf)andtheindirecte�ects(viathetree-recursive
compositionoffontheimmediatesubtrees).Onecaneasilyverifythatthe
recursioniswell-founded.
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3TheAlgorithmicPerspective

Letu=jtjdenotethesize(numberofnodes)ofthegiveninputtree.Onecan
observethattheformulationofEquation3isnottail-recursive.Thus,adirect
algorithmictranslationwouldgenerateatree-recursiveprocess(atruntime)
allocatingworstcase�(u(nfm+km))memory,i.e.equivalenttostoreutimes
thematrixG(t)andthevectorx(t).Canthisbehaviorbeimproved?

Algorithm1TRGC(t;�(t))

1:mem Allocate-Memory(2k;(nf�m+m))
2:(y;G) TRGC-Postorder-Tree-Walk(root(t);mem)
3:z h(y)��(t)
4:e

f
 G�(J

h
(y)�z);e

h
 H(y)�z

5:Free-Memory(mem);return(e
f
;e

h
)

Algorithm1(TRGC)expectsapairofinputtreet2T(R
n
)anddesired

targetvalue�(t)asinput.Weassumethatthematricesofpartialderivatives
H,J

h
,FandJ

f(r)
(1�r�k)canbedeterminedinananalyticalwayand

are(togetherwiththemappingsfandh)compiledaprioriintotheprogram
code.Analternativesolutionmightbetonumericallyapproximatethepartial
derivativesbya�niteTaylorseriesexpansionoftheoriginalmappings

2
.The

interfacetofunctionTRGC-Postorder-Tree-Walkisprovidedbyallocat-
ing2kblocksofmemoryequivalenttostorethegradientmatrixGandthestate
vectory=f(x(t))inadvance(line1).

Algorithm2speci�esapostorderleft-to-righttreetraversalwhichiscom-
binedwithanexplicitmemorymanagement.TheoperatorsClaim-Memory

andRelease-MemorytakeO(1)timeifimplementedastwodouble-linked
lists(ofclaimedandreleasedmemorycells)andonlyapointertoareleasedcell
isreturnedbyaclaimoperation.Further,thedatastructurerepresentingatree
nodevhastobeaugmentedbytwoentriestokeepthememorypointersv:G
andv:y(O(1)space).ByacarefulanalysisofEquation3onecanobservethat
boththecomputationofthegradientinformationG(t)andthecomputationof
thestatef(x(t))arede�nedbytree-recursionont.Algorithm2makesuseof
thisfactbyinterlacingthesecomputationsintoonetree-recursiveprocess.

Proposition1a)Thegradientinformatione
h
(t)ande

f
(t)iscorrectlycom-

putedbyAlgorithm1(andAlgorithm2)foranygiven(compatible)pairofinput
treetandtargetvalue�(t).b)Thememoryconsumptionisindependentfrom
thesizeoftheinputtree,i.e.iscalculatedto�(2knfm+nh+q+n).

Proof(Sketch)a)Thepostordertraversalguaranteesthateachnodeofthe
inputtreewillbetouchedexactlyonce.Secondly,allsubtrees(ifthereareany)
ofthenodeunderconsiderationhavealreadybeenvisitedbefore.Furthermore,
Alg.1(lines3{4)directlyimplementsEquation2,lines5-11ofAlg.2area
directtranslationofEquation3.b)Foreachnodevoftheinputtreememory

2However,thisrequiresadditionalevaluationsoffandhintheenvironmentofx(t)and
issourceofpotentialerrors.
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Algorithm2TRGC-Postorder-Tree-Walk(v;mem)

1:d Outdegree(v);x �(v)
2:fori 1toddo

3:TRGC-Postorder-Tree-Walk(vi;mem)
4:(v:G;v:y) Claim-Memory(mem;nf�m+m)
5:fori 1toddo

6:x x�vi:y;Release-Memory(mem;vi:y)
7:fori d+1tokdo

8:x x�nil

9:v:y f(x);v:G F(x)
10:fori 1toddo

11:v:G v:G+vi:G�J
f(i)

(x);Release-Memory(mem;v:G)
12:return(v:y;v:G)

willbeclaimedonlyonce(seeAlg.2,line4).Thepostordertraversalensures
thataftereachnodehasbeenprocessedthereleaseoperationisappliedoneach
successornode.Itcaneasilybeshownthatatmost2kmemorycellswillbe
claimedatanypointoftime.Theworstcasebecomesapparentwhenaright-
mostnode(ofksiblings)rooteditselftoksubtreesisgoingtobevisited.

4ExtendingtheTreeDomain

TheBPTSalgorithmisknowntoworkonrootedlabeleddirectedorderedacyclic
graphs(RLDOAGs)ifatopologicalorderingisobeyedwhilevisitingthever-
tices[3].Thus,theexpressivepowerofTRDSmodelscanbeslightlyenriched.
Ontheotherhand,(asetof)purelysymbolictrees(i.e.fromthedomainT(�))
canbe\compressed"toRLDOAGsbyapplyingacommonsubexpressionelim-
ination(CSE)techniquewhichinturnleadstoaconsiderablespeed-upin
gradientcomputation.Algorithm3describesavariantoftree-recursivegra-
dientcomputationforRLDOAGs.ByprocessingthegivenverticesVinan
inversetopologicalorderingitisguaranteedthatthegradientinformationvi:G
andthestateinformationvi:y=f(x)isalreadycalculatedforthesuccessors
viofthevertexvtobevisitednext.

Again,anexplicitmemorymanagementisusedtoachieveanoptimalmem-
oryconsumption.Thedatastructurerepresentingavertexisaugmentedbya
setofverticesthatareincidenttoit.TheoperatorIncidentreturnsthisset.
Memorykeptforthesuccessorsofavertexv(underconsideration)isfreedif
allverticesincidenttoitarelargerorequalaccordingtothechosentopological
ordering(lines12,13).

Proposition2ThememoryconsumptionofAlgorithm3growslinearlywith
thenumberofverticesinthegiven(worstcase)inputRLDOAG.

Proof(Sketch)ConsidertheRLDOAGbuiltof~u=2(n+1)verticesV=
fv1;v2;:::;v2n+2g(n2N)andtheedges(inadjacencydescription):succ(vi)=
(v2n+3�i;vi+1)if1�i�n+1,succ(vi)=(vi+1;vi+1)ifn+2�i�2n+1,
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Algorithm3TRGC-RLDOAG(V)

1:Chooseatopologicalordering<TOPonV

2:foreachv2Vininversetopologicalordering>TOPdo

3:d Outdegree(v);x �(v)
4:(v:G;v:y) Allocate-Memory(nf�m+m)
5:fori 1toddo

6:x x�vi:y

7:fori d+1tokdo

8:x x�nil

9:v:G F(x);v:y f(x)
10:fori 1toddo

11:v:G v:G+vi:G�J
f(i)

(x)
12:if8w2Incident(vi):(v<TOPw)_(v=w)then
13:Free-Memory(vi:G;vi:y)
14:return(v:y;v:G)wherevistherootvertexinV

andsucc(vi)=(;)else.Duetothelinearchainstructureoftheedges(vi+12
succ(vi))theuniquetopologicalorderingontheverticesisv1;v2;:::;v2n+2.
Alg.3startsaccordingtotheinverseordering.Free-Memoryisnotexecuted
untilthevertexvn+1isreached.Thus,O(~u)blocksofmemoryequivalentto
storethematrixGandthestateyhavetoallocated.

5Conclusion

RTRLforsequenceprocessinghastheappealingpropertythatthememory
consumptionisindependentfromthesizeoftheinputstructure.Thisproperty
canbeconservedbytree-recursivegradientcomputationfor�nitetreesi�a
postordertraversalisobeyed,whileitislostinthedomainof�niteRLDOAGs.
Itishardtoimagineareasonablede�nitionofTRDSandtheTRGCalgorithm
onthedomainofin�nitetrees(RLDOAGs).
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