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Abstract

This work concerneghe contrastdifferencetestandits asymptoticproperties
for nonlinearauto-rgressve models.Our approachs basedon anapplicationof
the parametridootstrapmethod.lt is are-samplingmethodbasedon the estimate
parametersf the models.Theresultingmethodologyis illustratedby simulations
of multilayerperceptrormodels andanasymptotiqustificationis givenattheend.

1 Intr oduction

To dealwith neuralnetworkmodels,we usestatisticaltheoreticalresultsto compare
severalmodelsandchooseahebest.Butin mary casesywe have notaverylargenumber
of dataandthetheoreticaresultscanleadto anover-parametrizeanodel.In this paper

we recallthe asymptoticpropertiesof the minimum contrastestimator(section3) and
someempiricalresultsaboutthe testof contrastdifference(section4). In section5,

we proposea selectionmethodusing the parametridbootstrap. This methodconsists
in replacingthe asymptotidistribution of the teststatisticby theempiricaldistribution

built from the bootstrappedamplesAn asymptotigustificationis givenin section6.

2 Non Linear Auto-Regressve Models

Letp,d > 1 betwo positive integers. A functionalauto-rgressie procesonR? is a
sequencef randomvectorsdefinedby:

Xt:Fg(Xt_l,... ,Xt_p)—i—ﬁg (1)

wheree, is ani.i.d. noisewith mean0 andconstantvariances?, andwherefunction
F is known. The parametef belongsto asubse®® of R® (s € N*). Sucha modelis
denotedbelon by ARF4(p).
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Let||.|| bethe EuclideamormonR¢. We definethe contrastprocessassociatedo
theleastsquaredy:

1 n
Un(0) = EZ||Xt—F9(Xt—17~-~7Xt—p)||2, 2

t=1

andtheleastsquaesestimatorby:

0, = Arg min Un(6). 3)

In the sameway, we definethe contrast processassociatedo the Gaussiarlog-
likelihoodby:

n

Vn (9) = log det (% Z(Xt — Fg(Xt_l, e ;Xt—p))(Xt — Fg (Xt—la e ,Xt_p))T)
t=1
4)

andthe maximuniikelihood estimatorby:

0, = Arg min Vo (6). (5)

In this paperwe dealwith the asymptotigpropertiesof theestimators,, andd,, as
well asthetestsof contrastifferences.

3 Asymptotic Propertiesof the Minimum Contrast Es-
timator

3.1 Consistencyand Asymptotic Normality

In the following, we assumethat the regressionfunction is a function which can be
implementedby a multi-layer perceptron(MLP), with one hiddenlayer, hyperbolic
tangentactivationfunctionsfor thehiddenunitsandonelinearoutputunit. Besideswe
assumehattheprocesg X, )1 <:<n iS stationarywith invariantmeasureg:. We have the
following theorem(seeYao[5]):

Theorem1  Strong Consistencyand Asymptotic Normality
Assumehat:

1. (e¢)e>0 isani.i.d. sequencesuc that E(ef) < oo,

2. 6 belonggo a compactsubse® in the EuclideanspaceR® of dimensiors, sud
thatd, Eé (interior of ©).

3. (Identifiability Condition)For all § differentfrom6g, Fy # Fp, in thesensehat
there existsy € R? suc that Fy(§) # Fy, (7).
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4. Them x m matrix

0 0
So= [ [Pz i), i) ©

<ij<m
is positivedefinite
Then

(a) Theestimatord, is strongly consistentthat is it almostsurely corvegesto
whenn goesto +co.

(b) Theterm/n {én — 90} convegesin distributionto the multidimensionalGaus-
siandistribution (0, 7%51).

If the noisee is assumedo be Gaussiana similar theoremcan be proved for the
estimator,, (seeRynkiewicz[3]).

3.2 Asymptotic Testof Contrast Differ ence

Let ¢ beanintegerlessthans. WeputH, = {# € © C R*}. A sub-hypothesig/, of
H; meanghatf belonggo asubsebf © with parametriadimension; lessthans.

In thefollowing, ©¢ (resp.©?) is the parametespaceof dimensiory (resp.s). To
testthe hypothesigd{, against/{,, we usethe contrastifferencestatistic:

Ty = 2n[Un (62) — U (65)],

wheref? = Argmingsceq U, (07) (resp. 65 = Argming:co: U, (6°)). Thenthe
next resultdefinesthe asymptotiadistribution of statisticZ;, usedto testhypothesis?,,
againsthypothesig/;:

Proposition1 Undertheassumptionsftheoeml, underhypothesid?,, we have
C.L —
Tn;) Z )‘iX?a
i=1

whee the x? are y-squae independenvariableswith 1 degree of freedomandthe A;
are positivescalars. |

Remark 1 In thescalarcase A, = ... = A,y = 202 andtheteststatisticpossess
x-squae distributionwith s — ¢ degreesof freedom.

Remark 2 In the maximumlikelihood case,by assuminghat the noiseis Gaussian
and by defining

onehas

which is theclassicalbehaviorof thelikelihoodratio test.



ESANN"2002 proceedings - European Symposium on Artificial Neural Networks
Bruges (Belgium), 24-26 April 2002, d-side publi., ISBN 2-930307-02-1, pp. 57-64

4 Empirical Behavior of the TestStatistics

The goal of this sectionis to studythe asymptoticbehaior of the contrastdifference
testusinga simulatedexample,with afinite numbern of obsenrations.Let usdefinea
MLP Fy, with threeinputs,two hiddenunits andoneoutput. This MLP is choseras
thetruemodel(unknown in the practicalcase) We run thefollowing experience:

1. simulate100 independendlatabase$B(b))1<s<100 With Fp, ande ~ N (0, o%)
(0% = 0.25),

2. on eachdatabaseestimatetwo MLP F, et I;,, suchthat I;, hasthe same
architectureasa Iy, (with ¢ = 11 parametersand#;, hasonehiddenunit more
(ands = 16 parameters),

3. Computethestatistics(Tn (b))1§b§ 100 and(Sn (b))1§b§ 100-

The distributionsof the two variables#Tn et S, would possessapproximately
if n is large enougha x-squaredistributionwith s — ¢ = 5 degreesof freedomsince
hypothesisl, is true. The histogramsof (77, (b))1<s<100 and (S, (b))1<s<100 (Fig.1)
shav the corvergenceto the X%s) distribution whenn increasesbut the convemgence
speeds very slow: we recognizethe shapeof aX(ZS) distributiononly for n = 100000.

If we usethe contrastifferencetestasa criterionto choosebetweerthe two mod-
els, with a size of type | error (level) of 5%, we reject H, in 85% of the casesfor
n = 1000, andin 50% of the casegor n = 10000.

In neuralnetworkapplicationswe have not alwaysa very large numberof data.
Soapplyingthis methodcanconduceo acceptan overparameterizedulti-layer per
ceptronif we apply the proposition(1) to selectthe goodmodelamongthe different
studiedperceptronsln this paperwe proposeo applyare-samplingnethodbasedn
theso-called'parametricbootstrapo improve theresults.

5 Parametric Bootstrap

5.1 Methodology

The parametridbootstrap(Efron [2], Davison[1], White [4]) methodis a re-sampling
methodbasedn the estimatecarametersf themodel.In fact, it wouldbeidealto be
ableto usetheempiricaldistributionsof section4 to determineghecritical region of our
test. However, here thetrue parameters unknavn. Sowe replacethis true parameter
by its estimatén a modelcorrespondingo hypothesis?, (null hypothesis).

Let usassumehatwe wantto testhypothesisZ; againsinull hypothesig?, with a
5% level. Thenwe applythefollowing procedure:

. estirpatepqrameteﬂo in a g-dimensionamodelandin a s-dimensionaimodel.
Let#? and@® theestimateshatwe get. We denoteby 7, andsS,, theteststatistics
associateavith theseestimates,
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Figure 1: First column: Histogramof variable (7}, ())1<s<100 for n = 1000,n =
10000, = 100000. Secondcolumn: Histogramof variable (S, (b))1<s<100 for the
threeapplications.Lastline representshe histogramfor a direct simulationof aX(QS)
distribution.
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e simulate100 independentlatabasebaving the samesizen astheinitial sample
by usingthe estimatef? ande ~ N (0, 52), whereg? is the estimatedvariance
associatedb 69,

¢ oneachdatabasé, estimatewo MLP oo andFés(b),

¢ computethestatistics(7}, (b))1<s<100 @and(S, (b)) 1<s<100,

<
o draw the histogramsof (7}, (b))1<s<100 and (S, (b))1<s<100, @anddeterminethe
a-quantileof 7,, (resp.Sy) : Cy (resp. D, ), which providesthecritical region
givenby 7,, > C, (resp.S, > D),

o if 1, (resp.S,) belongdo thecritical region, onerejectsthe null hypothesis,,.

The mainideais to replacethe asymptoticdistribution of the teststatisticby the
distributionthatwe constructfrom the bootstrappedamples.

5.2 Empirical Verification of the Method

We appliedthe proceduravhichis describedn the previoussectionto tenmodelswith

the samedimensiony, but differentparametersThe numberof obsenrationsis fixed,
equalto n = 1000 andwe replacetheasymptotidistribution of thecontrasdifference
test(the X%s—q) distribution) by the empirical distribution. The resultsare displayed
in table1. If we considerthe level 5%, we acceptthe null hypothesig # ) for all the
models.Thesizeof typel erroris well controlled whatwasnot truewhenwe usedthe
theoreticalsymptotidistribution.

Simulationswith H, C, Tn D, Sn
siml 23.86| 18.98| 23.13| 18.57
sim2 22.56| 15.51| 23.40| 16.03
sim3 25.53| 8.87 | 26.33| 8.98
sim4 21.76| 6.73 | 22.68| 7.12
sim5 22.86| 16.62| 24.43| 17.18
sim6 27.45| 11.50| 29.06 | 12.19
sim7 2252 | 12.56| 23.80| 12.91
sim8 22.12| 16.47| 23.10| 16.74
sim9 22.17| 12.03| 22.52| 12.19
sim10 25.54| 13.62| 24.91| 13.30

Table1l: a-quantilesand statisticsof 7,, and.S,, with o = 5% andn=1000. For all
caseswe acceptthe null hypothesigi,,.

5.3 Power of the Test

In this part, we dealwith the power of the contrastdifferencetestcombinedwith the
parametridbootstrapmethod.We have to studythe behaior of this methodwhenthe
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alternatve (H,) is true. We did exactly the samecomputationss previously, but this
time, theteninitial databasesveresimulatedoy usingMLP with anarchitecturecorre-
spondingo H. Asintheprevioussectionwe simulatelOdatabasesndapplyto each
of themthere-samplingnethoddescribedn section5.1to estimateghe a-quantiles.
Theresultsarepresentedh Table2. We canobsene thatfor all thesimulationswe
rejectthenull hypothesid?,, andwe selectthe true modelcorrespondingo # ;.

Simulationswith H, Cy Th D, Sn
siml 22.07 | 57.70| 21.73| 58.26
sim2 25.62 | 48.83| 22.89| 45.89
sim3 22.34| 66.80| 22.77 | 65.92
sim4 25.70| 86.40| 24.12| 79.84
sim5 20.70| 48.60| 22.35| 52.31
sim6 21.82| 44.97| 23.16| 48.02
sim7 23.57| 45.33| 22.72| 45.93
sim8 21.59| 83.52| 22.58| 83.61
sim9 21.59| 69.70| 22.57 | 71.62
sim10 23.50| 86.34| 22.36| 81.64

Table2: a-quantilesandstatisticof 7;, and.S,, with o = 5% andn=1000.In all cases,
we rejectthe null hypothesis,,.

6 Asymptotic Justification of the Method

Although the main usefulnes®f the proposednethodis thatit is moreaccuratehan
the one basedonly on the asymptoticdistribution, it would be more satisfactoryto
verify thatthesemethodsarejustified whenthelengthn of the obsered seriesgrows
to infinity.

First, we cannoticethatfor thelikelihood ratio test,nothingremainsto be proven,
sincethe asymptoticdistribution for this testdoesnot dependon the parametershut
only onthemodeldimensions.

For theleastsquaresase accordingo proposition(1), onehas:

s—
Ty = 20U (n) — Un (0,)]55 S Aix2.

i

Q

1
-

Moreover, for d = 1, we know the values); sincethey areall equalto 202.
So,for eachbasethatwe build by re-samplingwe have forall b, 1 < 5 < 100

s—q
T (0) <5262 (6) Y2,
i=1

sincewe usethe estimatevariances? insteadof the true variancefor the simula-
tions.
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However, asa? (b) 2502, astraightforwardapplicationof Slutsky’stheoremgives:

7 Conclusion

In this paperwe have investigatedhe useof parametridootstrapmethodfor contrast
differencetestfor neuralnetworkmodels.We have proventhat this methodimproves
thetestfor ARF,(p) modelswhenwe have notavery large numberof datato use.

We note that this justificationis no more valuablefor multidimensionalobsenra-
tions, sincein thatcasethe A; dependon the unknawn distribution of the studiedpro-

cess.
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