
Hybrid Generative/Disriminative Training ofRadial Basis Funtion NetworksArtur J. Ferreira1 and M�ario A. T. Figueiredo21- Instituto de Teleomunia�~oes, Instituto Superior de Engenharia de Lisboa1950-062 Lisboa, Portugal2- Instituto de Teleomunia�~oes, Instituto Superior T�enio1049-001 Lisboa, PortugalAbstrat. We propose a new training algorithm for radial basis funtionnetworks (RBFN), whih inorporates both generative (mixture-based)and disriminative (logisti) riteria. Our algorithm inorporates stepsfrom the lassial expetation-maximization algorithm for mixtures of Gaus-sians with a logisti regression step to update (in a disriminative way)the output weights. We also desribe an inremental version of the al-gorithm, whih is robust regarding initial onditions. Comparison of ourapproah with existing training algorithms, on (both syntheti and real)binary lassi�ation problems, shows that it ahieves better performane.1 Introdution1.1 Basis of RBFNRBFN are widely used for lassi�ation and regression problems. Sine theirintrodution, several arhitetures and training algorithms have been proposed.An RBFN onsists of an input layer, a hidden layer ontaining the radialbasis funtions, and an output layer whih performs the weighted sum of thevalues from the hidden layer. Eah output yi of a (linear) RBFN is given byyi = g(x) = �i0 + kXj=1 �ij G(kx� tjk); (1)where x = [x1; : : : ; xn℄T is the network input, �ij , for j = 1; :::; k, is the weightbetween the j-th hidden neuron and the i-th output neuron, �i0 is the bias of thei-th output, k � k denotes some norm, tj = [tj1; :::; tjn℄T is the enter of the j-thRBF, and G(a) = exp(�a2=2) is (usually) a Gauss funtion. Standard RBFNuse the Eulidean norm, kx� tjk = kx� tjk2, while elliptial basis funtionnetworks (EBFN) use Mahalanobis distanes [1℄, based on \ovariane-type"matries kx� tjk = kx� tjkCj = ((x� tj)TC�1j (x� tj)) 12 .1.2 RBFN Training AlgorithmsEarly algorithms were two-stage proedures [2℄: the �rst stage learns the hiddenlayer (the enters, and maybe the ovariane matries), while the seond stage
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sets the output weights. One of the most popular algorithms is the so-alled self-organized seletion of enters [2℄, whih is based on K-means lustering [2, 3℄ onthe �rst stage, followed by least squares (LS) adjustment of the output weights[2, 4℄. The use of regression and deision trees is onsidered in [5℄ and [6℄, still intwo-phase approahes. In [7℄, an expetation-maximization (EM) algorithm isused to learn some of the parameters of a regularized RBFN; however, this EMalgorithm does not obtain the RBF widths and is only used for regression. Otherapproahes ombining EM with regression trees are onsidered in [8℄, still onlyfor regression problems. A two-stage approah for EBFN training is proposedin [1℄: an EM algorithm estimates the enters and ovariane matries, followedby LS estimation of the output weights.A global EM algorithm (whih learns all the network parameters, inludingarbitrary \ovariane" matries) was proposed in [9℄, but only for regressionproblems. In [10℄, the basis funtions are seen as probability densities and theweights as prior probabilities; global training is arried out by an EM algorithmwhih estimates the lass-onditional densities. For the regression ase, otherglobal approahes, interpretations, and learning strategies an be found in [11℄.General purpose optimization tools for non-onvex problems (suh as genetialgorithms and simulated annealing) have also been used for RBFN training.1.3 Proposed ApproahIn this paper, we propose a global EM-type algorithm to train an RBFN forlassi�ation; although extension to multi-lass is trivial, we fous on the binaryase. For lassi�ation purposes, we use a logisti RBFN obtained by applyinga logisti funtion to the output of a linear RBFN with one output (see (1)).The output of the logisti RBFN is seen as the probability of lass 1, given theinput x, that is,P (y = 1jx) = logisti(g(x)) = 241 + exp0���0 � kXj=1 �j G(kx� tjkCj )1A35�1 :We propose to use the EM algorithm to learn the hidden layer parameters (tjand Cj), while simultaneously updating the output layer weights (�j) by usinglogisti regression (LR).This paper is organized as follows. Setion 2 presents the proposed globaltraining approah. Some results on syntheti and real binary lassi�ation prob-lems are shown in Setion 3. Finally, Setion 4 presents some onlusions.2 The Proposed Global Training AlgorithmsThe training set onsists ofN labelled data points, f(x1; y1); :::; (xN ; yN )g, wherexi 2 IRn and yi 2 f0; 1g. The goal is to obtain all the parameters of thenetwork: the enters tj and ovarianes Cj , for j = 1; :::; k, and the outputweights � = [�0; ::; �k℄T .
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By using normalized Gaussian basis funtions, we an interpret the linearpart of the RBFN as a mixture of Gaussians g(x) = �0 +Pki=1 �iN (xjti;Ci).This learly suggests using an EM algorithm for learning the means and ovari-anes of the Gaussian basis funtions. In eah iteration of this EM algorithm,we simultaneously adjust the weights �i of the output layer by logisti regres-sion [12℄. Notie that this algorithm an be seen as using a generative riterionfor estimating the means and ovarianes, and a disriminative riterion for theoutput weights [13℄. Formally, the algorithm is as follows:Step 1: Compute zsi = b�s N (xijbts; bCs)kXr=1 b�r N (xijbtr; bCr) , for i = 1; :::; N , and s = 1; :::; k.Step 2: Update weight estimates b�s; see text for details.Step 3: Update the enters and ovarianes: for s = 1; :::; k,bts = �PNi=1 xi zsi ��PNi=1 zsi ��1,bCs = �PNi=1(xi �bts)(xi �bts)T zsi��PNi=1 zsi��1.Step 4: Update weights: �  � + (XTWX)�1XT (y � p).Step 5: Chek some stopping riterion; if not met, go bak to Step 1.The steps of the algorithm require some explanations:� Steps 1 and 3 are standard E and M steps of EM for Gaussian mixtures.� In step 2, we an use one of two options: (a) b�s = j�sj(Pki=1 j�ij)�1, whihlinks the mixture weights to the output weights obtained by LR; (b) thestandard update rule of EM for mixtures, b�s = (1=N)Pi zsi , with nolink between the output weights obtained by LR and the mixture weights.These two versions are alled EM-LR-Link and EM-LR, respetively.� Step 4 is a standard Newton-Raphson step for LR (see, e.g., [12℄); y isa N � 1 vetor holding the lass labels; X is the N � (k + 1) so-alleddesign matrix, that is, Xij = N (xijbtj ; bCj), with the exeption of the �rstrow whih is �lled with ones; p is a N � 1 vetor, with element pi =logisti(g(xi))(1 � g(xi)); �nally, following the approah in [14℄, we useW = 0:25 IN (where IN denotes the N �N identity matrix).� The stopping riterion an be a maximum number of iterations, a targeterror rate on the training set, or some other rule.Initialization is done by randomly plaing the enters, taking identity ovari-anes, �s = 1=k, and � = 0. We have also onsidered a third version of thealgorithm, named EM-LR-Link-K, whih starts with k = 1, and inreases this
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number along the algorithm, after every � iterations, until the maximum valuekM is reahed. This version, by starting with only one Gaussian, is muh lesssensitive to initialization, a ritial aspet of most RBFN training algorithms.3 ResultsWe ompare our algorithms with some two-stage algorithms: K-means followedby LS (KMeans+LS); EM estimation of enters and ovarianes followed byLS weight estimation (EM+LS), as proposed in [1℄; EM estimation of entersand ovarianes followed by LR weight estimation (EM+LR). Using the samenetwork topology, the K-means and EM algorithms start with the same initialonditions. We evaluate generalization ability of the obtained networks (in termsof lassi�ation error rates) using test sets.3.1 Syntheti DataWe generate a bivariate (n = 2) data set with 100 training and 200 test points.Fig. 1 shows the test set results, after 15 iterations, for a network with k = 6.The EM-LR-Link algorithm leads to zero errors, while KMeans+LS produes 21errors. Notie the ellipsoidal probability level urves obtained by our algorithm,due to the use of full ovarianes. The 0.5 level urve is the deision boundaryin the ase of equal mislassi�ation loss.
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Fig. 1: Classi�ation results obtained by KMeans+LS and our EM-LR-Linkalgorithm, on syntheti data. Note: the �gures are best seen on olor.3.2 Benhmark DatasetsResults on the well-known Ripley dataset (for whih the Bayes error rate isknown to be 8%), with k = 7, are shown in Fig. 2. The two-stage algorithms(EM+LS and EM+LR) ahieve the same error rate as EM-LR (11.1 %), whileEM-LR-Link performs better (10.1 %). Fig. 3 (left plot) shows the evolution of
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Fig. 2: Comparison of EM-LR and EM-LR-Link, on the Ripley dataset.the train and test error rates of the EM-LR-Link-K algorithm, for the Ripleydataset, showing that it ahieves a test error rate of 8:7%, lose the Bayes optimalof 8%. The algorithm was run with � = 2 and kM = 15. Also in Fig. 3 (righthand side), we show a similar plot for the Crabs dataset, whih ontains 80training and 120 test points, in 5 dimensions (n = 5); we have used � = 3 andkM = 7.
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Fig. 3: Train and test set error rates, for the Ripley and Crabs datasets, alongthe iterations (epohs) of EM-LR-Link-K.4 ConlusionsWe have presented a global training algorithm for RBFN, ombining disrimina-tive and generative riteria. We have proposed three algorithms, integrating EMwith logisti regression. One of these algorithms is inremental in the numberof hidden neurons, thus muh less sensitive to the initial onditions. A ompar-
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