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Abstract. We study the problem of obtaining representations of im-
ages which are invariant to transformation of the image under rotations,
towards improving supervised learning. We show that using simple ideas
from group representation theory we get invariant representations of im-
ages. Off the shelf learning algorithms perform much better on such rep-
resentations. We develop on ideas by Cohen and Welling [1] to construct
these invariant representations.

1 Introduction

This paper is primarily concerned with the issue of obtaining representations
of images which are invariant to geometric transformations, with a view to us-
ing such representations to improve supervised learning. While our inspiration
comes from SIFT [2] and the rotation invariant and scale invariant representa-
tion of images which SIFT outputs, our solution is best seen in the framework
of representation learning, as articulated by [3, 4].

A key insight of deep learning seems to be that learning different repre-
sentations of the data helps to improve the performance of machine learning
algorithms. This has led to the development of RBM’s [5] and autoencoders [6]
modules, used to produce intermediate representations of data invaraint to trans-
formations. The problem we consider is much more modest, in a supervised
set up and when the transformations are simple rotations of images. While
this problem is significantly easier, we show that very simple ideas from group
representation theory yields invariant representations of data and traditional su-
pervised learning algorithms working on these representations give state of the
art results or better.

Our methods are inspired largely by the ideas in Cohen and Welling [1]. In
[1], the authors present a probabilistic model to learn compact commutative Lie
groups and use that to produce invariant and disentangled representations of
data. We follow their approach and produce a more natural invariant represen-
tation of the data. This representation is robust and gives 95%-96.5% accuracy
on a number of off the shelf supervised learning algorithms.

The method of Cohen and Welling [1] is based on a simple but non-trivial
idea from classical representation theory - when a reductive group acts on a vec-
tor space, the vector space splits into a direct sum of irreducible representations
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i.e. there is a change of basis of the underlying vector space in which the ma-
trix describing how a particular group element acts on the vector space is block
diagonal. The block sizes are identical for all the group elements. The invari-
ant representation we obtain is also based on a very simple idea, which reveals
itself because one knows explicitly the block diagonal matrices which constitute
building blocks of all representations.

So the problem of obtaining invariant representations of images splits into two
subproblems - find the change of basis which reveals this block diagonal split, and
then use the various invariant subspaces to obtain an invariant representation.
Both these steps are also addressed in [1]. Our solution to the first step is
different from theirs since we work in the simpler supervised set up. We use
the learned conjugating matrix to obtain a natural invariant representation of
the image. Due to constraints on the page limit of submissions we give very
few details. The complete version of this paper with a relaxed introduction to
representation theory is available with the authors.

2 Preliminaries on Representation theory and Cohen &
Welling’s framework

The problem we consider is classifying images under rotations i.e. given a col-
lection of images and their rotated versions, we would like to classify test images
into one of classes seen during the training phase. We will assume that images
are rotated by an angle in [0, 2π] and that an image rotated by 2π is itself.
Assume that the vectorized image is D dimensional.

One regards the action of the rotation group G on images as a group homo-
morphism R from G to GL(D). Here GL(D) is the group of invertible linear
transformations of the D-dimensional real vector space.

As Cohen and Welling observe, the group of rotations is a one parameter
compact, commutative subgroup of the group SO(D), the special orthogonal
group of invertible, orthogonal D ×D matrices. It is well known that there is a
D×D matrix W such that for all g ∈ G, conjugating R(g) by W yields a block
diagonal matrix

R(θ) =

⎡
⎢⎢⎢⎢⎢⎣

cos(ω0θ) − sin(ω0θ) . . . 0 0
sin(ω0θ) cos(ω0θ) . . . 0 0

...
...

. . .
...

...
0 0 . . . cos(ωD/2−1θ) − sin(ωD/2−1θ)
0 0 . . . sin(ωD/2−1θ) cos(ωD/2−1θ)

⎤
⎥⎥⎥⎥⎥⎦ (1)

Here θ is the parameter describing the rotation the image undergoes and ωj ’s
are integers, since we require that R(θ) = R(θ + 2π).

For compact commutative subgroups of SO(D), given a collection of images
X and versions Y obtained by hitting X with an element of the subgroup, in [1]
the authors derive an expression for the marginal likelihood of Y |X. Surprisingly
they also give an elegant closed form solution to the gradient of the marginal
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likelihood of Y |X with respect to W , and use a gradient descent algorithm to
compute W . After learning W they learn the parameters ωj . This is then used
for classification via manifold distance.

Our concern is more to do with representation learning i.e. to obtain repre-
sentations of images which are invariant to rotations, more in the spirit of the
papers [3, 4, 7]. The ideas in Cohen and Welling lend to this quite naturally.

Like in [1] we view the problem in two steps. In the first step we assume
that we are given image pairs along with the angle of rotation,(x(k), y(k), θ(k)),
where y(k) is the image x(k) rotated by some angle θ(k).

y(k) = WR(θ(k))WTx(k) + η (2)

In this step we learn the conjugating W . This can be done exactly as Cohen
and Welling suggest but we give a different algorithm in section 3. Then we
address the problem of classifying images under rotations. We use the W iden-
tified in step 1 to project the image onto the irreducible subspaces of the given
representation of the one parameter group of rotations, and show how this can
be used to get an invariant representation of images. We then use this invariant
representation to classify in a supervised set up.

3 Finding W and the invariant representation

ωj being an integer, we may assume it takes values from {0, 1, . . . , 359}. Instead
of working with Equation 2, we work with the following:

WT y(k) = R(θ(k))WTx(k) (3)

We find W by finding pairs of columns at a time. We start this by picking
a particular integer value in the range {0, 1, . . . , 359} for ωj . For a particular
choice of ωj , Equation 3 can be rewritten as

WT
(2j:2j+2)y

(k) = Rj(θ
(k))WT

(2j:2j+2)x
(k) (4)

where

Rj(θ
(k)) =

[
cos(ωjθ

(k)) − sin(ωjθ
(k))

sin(ωjθ
(k)) cos(ωjθ

(k))

]
Expanding Equation 4 gives a set of simultaneous equations for every sample

(k). We can solve this using SVD, or by other well known techniques.
We then use the W and ωj obtained above to get invariant representations of

images. We experiment with 3 different representations all of which are invariant
to rotation.

3.1 Invariant feature vector representation 1

Given an image x to get a feature vector we project x onto the 2-D subspaces
naturally indexed by W , and take only the norms of the projection on each of
the subspace. This is also reported in [1].

The feature vector given by x is (
√

(wT
0 x)

2 + (wT
1 x)

2,
√

(wT
2 x)

2 + (wT
3 x)

2, . . . )
From Equation 4 it is clear that this representation invariant to rotation.
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3.2 Invariant Image representation

Given any image x consider I(x) given by

I(x) =

ωmax∑
j=1

lj∑
k=0

[W
ω=ωj

2k:2k+2]

[
r
x,ωj

k cos(α
x,ωj

k − α
x,ωj

0 )
r
x,ωj

k sin(α
x,ωj

k − α
x,ωj

0 )

]

+ [Wω=ω0 ][Wω=ω0 ]Tx

where [W
ω=ωj

2k:2k+2] picks the columns of W corresponding to ω = ωj and then
picks the columns 2k and 2k + 1,

α
x,ωj

k = tan−1

(
[W

ω=ωj

2k+1 ]Tx

[W
ω=ωj

2k ]Tx

)

and

r
x,ωj

k =
√

([W
ω=ωj

2k ]Tx)2 + ([W
ω=ωj

2k+1 ]Tx)2

In other words fix a ωj . Suppose the subspace has real dimension 2lj for
an integer lj . Consider the projection of the image onto the lj , 2-dimensional
subspaces. Each such projection gives a point (xk, yk) or (rk cosαk, rk sinαk)
in polar coordinates. Let us view all the totality of these points T as sitting
in a single two dimensional space, say the standard two dimensional plane. It
is clear that under a rotation of the image, the point (rk cosαk, rk sinαk) is
transformed to (rk cos(αk + ωjθ), rk sin(αk + ωjθ)). Viewing all these points in
the standard two dimensional plane , all that has happened is that each point
in T has moved by an angle of ωjθ. So the pairwise angles between these points
(measured at the origin) has remained the same. Of course the norm of each
point is also invariant. So the totality of norms plus pairwise angles is invariant.
We exploit this invariance, by taking the point (x0, y0) and align the axes so that
with respect to the new axes this point lies along the x-direction. This is akin
to what is done in SIFT, where the direction of maximum gradient is chosen
always as the reference direction.

This now describes an arrangement of points which is invariant with respect
to rotations. We have

Theorem 1 The representation I(.) is invariant to rotation.

3.3 Invariant feature vector representation 2

In the previous section, we reconstructed a image from the projections. Here
we will use the projections after realignment as is. We will not go back to the
pixel space, instead we will work in the projected space. This gives a significant
dimension reduction. In our experiments, we look at the average norm of each
2-D projections, and eliminated those subspaces, where the average norm of
the projected vectors is less than a threshold. For the dataset we consider, the
dimension reduced by a factor of 8 with almost no change in accuracy.
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4 Experiments and results

To find W and ωj , we generate samples x(k) by choosing each pixel from a
standard normal distribution. The rotational angles θ(k) are picked uniformly
from [0, 360) and the images are rotated to get y(k). We generate 5000 samples.
Starting with ωj = 0 we find columns of W . In our experiments we stopped at
ωj = 47 and obtained 294, 2-dimensional subspaces giving W of size 784× 588.

For classification we used MNIST rot1. This dataset consists of rotated hand-
written digits of size 28× 28 pixels with 12000 training and 50000 test samples.

We trained the different classifiers on the feature vectors and invariant image
as explained in Section 3.1, 3.3 and 3.2 for the dataset MNIST-rot and tabulated
(Table 1) the results. For comparison we also ran the classifiers on the pixel
space, as is. For the feature vector described in 3.3, we set a threshold of 0.3
for the average norm of the projections onto each 2-D subspace and got feature
vectors of dimension 108, giving us a factor 8 (almost) reduction in dimension.
Our neural network has 2 layers with 4000 and 100 neurons and we use a dropout
probability of 0.3. The CNN we use is the one given in tensorflow2 tutorial.

Figure 1 shows images and their invariant representations as described in
Section 3.2.

Fig. 1: Different handwritings and their invariant representations

In their 2016 paper [8], Cohen and Welling describe G-CNN an equivariant
Convolutional neural network. For MNIST-rot they get an accuracy of 97.72%.

1http://www.iro.umontreal.ca/~lisa/twiki/bin/view.cgi/Public/MnistVariations
2https://www.tensorflow.org/versions/r0.9/tutorials/mnist/pros/index.html
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Accuracy (%)
Method Actual Invariant Invariant Reconstructed

Pixels Vector 1 Vector 2 inv. image
kNN 83.89 87.97 94.29 94.29
SVD 73.56 81.88 91.05 91.05
SVM 82.00 83.37 95.26 95.72
Neural Networks 89.61 92.27 96.36 96.28
CNN 93.14 -NA- -NA- 96.50

Table 1: MNIST-rot : Comparison of different methods

5 Conclusion

The results suggest that irreducible representations of images under group ac-
tions can yield interesting invariant representations of images, which could help
in dimension reduction and better classification. As mentioned in all recent pa-
pers dealing with image transformations [8, 9] we need a way to understand
and capture actions of groups that are not commutative. We are experimenting
with extending the current work to the action of SL(2) and SU(2).
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