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Abstract. In this paper, we propose a scalable kernel for nodes in a
(huge) graph. In contrast with other state-of-the-art kernels that scale
more than quadratically in the number of nodes, our approach scales lin-
early in the average out-degree and quadratically in the number of nodes
(for the Gram matrix computation). The kernel presented in this paper
considers neighbours as sets, thus it ignores edge weights. Nevertheless,
experimental results on real-world datasets show promising results.

1 Introduction

In the last few years, there has been a growing interest in machine learning tech-
niques for graph-structured domains. For example, recommendation systems
can be seen as link-prediction systems in bipartite graphs where nodes represent
users and items [1]. Moreover, social networks can be represented as a graph
where nodes are the users and links are their interactions; in this setting, it is
interesting to predict (i.e. to suggest to users) possible novel connections [2]. In
these and other scenarios, the learning problem can be expressed as classifica-
tion (or ranking) over the nodes in a single, huge graph. Kernel methods are
popular learning algorithms in the machine learning community, thanks to their
state-of-the-at performances in many real-world tasks and to the strong theoret-
ical guarantees behind the selected solution given by statistical learning theory.
However, in many applications, their diffusion suffers from the computational
complexity that, while not being high in general, may nonetheless be too high
for the data amount available nowadays. When data can be represented in a
structured form (in this paper we deal with nodes in a graph), the kernels avail-
able in literature scale more than quadratically in the number of nodes. Note
that we consider graph node kernels, that are defined over the nodes in a single
graph. This setting is different with respect to the one where each example is
a different graph, e.g. the one considered in [3], and thus it requires different
techniques. In this paper, we propose a novel kernel function for graph nodes
that: (i) is efficient to compute; (ii) can be computed on demand on a pair of
nodes at a time; (iii) performs well on different and heterogeneous real-world
graph datasets. The idea is to define the kernel on (summaries of) the local
neighbourhood of two nodes in the graph.

∗This work was supported by the University of Padova under the strategic project BIOIN-
FOGEN.
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2 Definitions and notation

A kernel method is composed by the following two modules: (i) a learning
algorithm, that expresses the solution only via dot products between training
examples; (ii) a kernel function K : X ×X → R, i.e., a symmetric positive semi-
definite function that corresponds to a dot product in a Reproducing Kernel
Hilbert Space (RKHS), which means that there exists a φ : X → K ⊆ RD,
where K is an Hilbert space (commonly referred to as feature space), such that
k(xi, xj) = 〈φ(xi), φ(xj)〉 with xi, xj ∈ X . Note that: (i) the input space X can
be any space; (ii) we do not need to know φ explicitly.

Given a traing set Tr = {x1, .., xn}, the Gram matrix is a matrix with entries
Kij = k(xi, xj).

Let G = (V,E) be a graph, where V = {v1, . . . , vn} is the set of nodes
(|V | = n) and E = {(v, u)|u, v ∈ V } is the set of edges (|E| = m). Every edge
can have an associated weight wu,v, that is zero by convention if (u, v) 6∈ E.
Note that, in our setting, X is the space of nodes in the considered graph,
and the labels we aim to predict are associated to the nodes in the graph. Let
ρ = 1

n

∑
u∈V |{(u, v)|(u, v) ∈ E}| be the average out-degree of nodes in G. Given

a graph G, let us define its adjacency matrix AG with entries AGij
= wij . For

the sake of notation, in the following we will omit the subscript G. Let us define
the Laplacian matrix as L = D−A, where D is a diagonal matrix with entries
set to the summation over the corresponding row of the adjacency matrix, i.e.
Dii =

∑
jAij .

3 Related work

In the following, we will give the definition of four state-of-the-art functions that,
given a graph G, compute the Gram matrix of the nodes in G. We will consider
these functions as baselines in the experimental section.

All the kernels are based on random walks. These kernels are relatively fast
to compute, and show good predictive performance [1, 4].

Laplacian Exponential Diffusion kernel (LEDK) [5] is defined as LEDK(G) =
e−βL, where 0 ≤ β ≤ 1 is a parameter used to control the rate of diffusion.

Markov Diffusion kernel (MDK) [1], depends on a parameter t controlling the
length of the considered walks. Let us define the probability transition matrix
P as {P}ij = Aij/Dii. Moreover, let us define Z(t) = 1

t

∑t
τ=1 P

τ . Then, we

can define the kernel as: MDK(G) = Z(t)ZT (t).
Markov Exponential Diffusion kernel (MEDK) [6]. Let us define M = (D−

A−nI)/n where n is the number of nodes in the graph. Then, MEDK is defined
as MEDK(G) = e−βM.

Regularized Laplacian Kernel (RLK) [5]. Is defined as RLK(G) =∑∞
n=1 β

n(−L)n = (I + αL)−1 where α > 0 is a parameter.
The kernels LEDK and MEDK require to compute a matrix exponential,

that (e.g. using Sylvester’s equations) involves O(n3) operations. The kernel
MDK computes t matrix multiplications, each one with a cost of approximately
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O(n3) (the fastest algorithm runs in O(n2.373)). The kernel RLK requires a
matrix inversion (same complexity as matrix multiplication). The computational
complexities of the kernels presented in this section may be prohibitive when
dealing with real-world graphs containing hundreds of thousands, or million of
nodes. In this paper, we propose a kernel for graph nodes based on MinHash.
The computation of the Gram matrix scales only quadratically in the number
of nodes and linearly in the average node out-degree1 ρ. MinHash has been
previously applied to graph kernels, e.g. in [7] but, to the best of our knowledge,
it has never been applied to graph node kernels.

3.1 MinHash

Let A and B be two sets, with elements in a domain Σ. The Jaccard similarity,
a commonly adopted similarity measure between sets, is defined as the ratio
between the number of elements in the intersection and the number of elements in
the union, i.e. J(A,B) = |A∩B|

|A∪B| . MinHash [8] is an algorithm, originally designed

for near-duplicate detection in documents, that computes an unbiased estimation
of the Jaccard similarity between sets of arbitrary sizes in linear time using a
small and fixed memory space2. Let h : Σ → ND be a perfect hash function3

that maps the elements of Σ to the set ND = {x|x ∈ N, x ≤ 2D − 1} of distinct
integers represented by at most D bits. Let us define, for a set S, hmin(S) to be
the minimal member of S with respect to h If we apply hmin to both A and B, we
get the same value exactly when the element of the union A∪B with minimum
hash value lies in the intersection A ∩ B. The probability of this being true is:

Pr[hmin(A) = hmin(B)] = |A∩B|
|A∪B| = J(A,B). However, this estimator has a too

high variance to be useful. The idea of the MinHash scheme is to reduce this
variance by averaging together several variables constructed in the same way.
Moreover, we can consider hash functions with collisions since they generally
have only a modest influence on our estimate (and the estimation remains still
unbiased). Let k be a fixed integer (a parameter), and let us define a Min-
wise independent family of hash functions, {h1 . . . hk}. The MinHash algorithm

computes the following value: MH(A,B) = 1
k

∑k
i=1 δ(h

i
min(A), himin(B)), where

δ is the Kronecker delta function. MH is an average of unbiased estimators,
thus it is in turn an unbiased estimator of J(A,B). The expected error is, using
Chernoff bounds, O(1/

√
k).

4 Methods

Let sp(u, v) be a function that returns the length of a shortest path between
nodes u and v. We can define Nr(v) = {u|sp(v, u) = r} to be the neighbourhood
of radius r (more compactly r-neighbours) of the node v in a graph G. Note

1In the worst case, ρ is bounded by n; however, in practical applications, it is much smaller.
2We adopted the MinHash implementation available at https://github.com/ekzhu/

datasketch.
3A hash function with no collisions.
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that N0(v) = v and N1(v) = {u|(v, u) ∈ E}. We can define a kernel for the
nodes in a graph as: K(u, v) =

∑r
i=0 J(N i(u), N i(v)), where r ∈ N is a fixed

constant (hyper-parameter). Note that computing J(A,B) between two sets A
and B is linear in min(|A|, |B|). The Jaccard similarity is exactly the Tanimoto
kernel between two sets. The proof of positive-semidefiniteness of the Tanimoto
kernel can be found in [9].

Note that for computing the r-neighbours for all the nodes in a graph we
have to perform n breadth-first visits of depth r, that are really slow when the
graph is large. For this reason, we propose an approximation of the kernel just
defined, using a scheme inspired from the Weisfeiler-Lehman method [10].
We start computing N1(v) for each v ∈ V . The complexity of this step is O(nρ).
We then compute an approximation of N2(v) as N̂2(v) =

⋃
u∈N1(v)N

1(u). We

can easily extend this definition to arbitrarly large r as N̂r(v) =
⋃
u∈N̂r−1(v)N

1(u).
This procedure is more efficient with respect to the computation of the r-
neighbours because we have only to query the graph once for node neighbours.
We can store each node’s neighbours as a set and store them in a dictionary for
efficiency purposes. The other operations are just set unions, that are generally
fast. The complexity of computing the N̂r(v) for each v ∈ V becomes O(nρr).
We can define the resulting kernel as: K(u, v) =

∑r
i=0 J(N̂ i(u), N̂ i(v)).

We can now introduce another approximation in the computation of J , using
the MinHash technique presented in Section 3.1:

K(u, v) =
r∑
i=0

MH(N̂ i(u), N̂ i(v)). (1)

Note that, differently to the other consider kernels, our proposal does not exploit
edge weights.

MinHash allows to compute an unbiased estimation of the Jaccard similarity
between two sets in a computational time that does not depend on the set
cardinality. Instead, it depends just on the number of hash functions that are
used.

Theorem 1. The kernel in eq. 1 is positive semidefinite.

Proof. If we consider the relation mapping a node u to the set of its N̂ i(u)
according to the described procedure, the kernel in eq. 1 is an instance of the
Convolution Kernels framework [11]. A previous result ([12], Theorem 2) proves
that MH is a valid kernel over sets.

The strongest point of the proposed kernel is that its computation between
two nodes is independent from the others. This property is particularly useful
when the size of the dataset is big, such that storing the Gram matrix (O(n2)
space) is unfeasible. In this case, it is possible to just compute the N̂ i(u) for
each node in the graph. The cost of this step, for the whole graph, is O(nρr).
Note that memory occupation of this data structure is linear with respect to the
number of nodes and the considered neighbourhood (the r parameter). Then,
one can compute the kernel between two nodes on-demand in a time that is
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Dataset/kernel LEDK MDK RLK ANMHK
IMDB 73.05 ± 2.39 78.19 ± 0.44 66.58 ± 1.50 77.85 ± 0.54
IMDB ALL 58.52 ± 1.17 72.24 ± 0.45 72.36 ± 2.17 79.44 ± 0.23
INDUSTRY PR 34.28 ± 0.41 36.72 ± 0.34 34.53 ± 0.40 34.94 ± 0.19
INDUSTRY YH 31.99 ± 0.38 46.89 ± 0.42 30.51 ± 0.41 37.35 ± 0.50
CORA 63.88 ± 0.67 75.85 ± 0.12 70.64 ± 0.24 72.22 ± 0.13
WEBKB CORNELL 42.86 ± 0.42 53.99 ± 1.02 41.31 ± 0.02 56.76 ± 0.87
WEBKB WISCONSIN 53.42 ± 0.95 70.34 ± 1.10 43.78 ± 0.09 74.52 ± 0.54
WEBKB WASHINGTON 46.07 ± 1.36 65.87 ± 0.70 42.51 ± 1.74 68.50 ± 0.26
WEBKB TEXAS 58.08 ± 0.97 68.11 ± 0.82 48.22 ± 0.01 73.10 ± 0.35

Table 1: Experimental results comparing the proposed kernel (ANMHK) vs
other state-of-the-art ones on 9 real-world datasets.

linear in r and k. This approach is not possible with the other considered ker-
nels: indeed, they can only compute the Gram matrix, via transformations of
the adjacency matrix. If r and ρ are small with respect to n, we can consider
them constants. Moreover, k is a constant because it is fixed a-priori. The com-
plexity of the kernel computation between two nodes, under these assumptions,
is constant, and the complexity of computing the whole Gram matrix is O(n2).

5 Experimental assessment

In the following, we describe the adopted datasets, originally used in [13]4.
IMDB (IMDB ALL): dataset of movies released in the US, with class labels
identifying whether the opening weekend box-office receipts will exceed $2M.
Two movies share a link if they share a production company (a production com-
pany, producer, director, or actor).
CORA: this dataset comprises computer science research papers. It includes
the full citation graph as well as labels for the topic of each paper. There are
seven possible labels.
INDUSTRY YH (INDUSTRY PR): this dataset contains companies that
are linked via co-occurrence in business stories from the web (Newswire press
releases). An edge was created between two companies if they appeared together
in a document. The resulting network comprises 1798 (2189) companies. The
labels of the companies are based on Yahoo!’s 12 industry sectors.
WEBKB5: this dataset consists of sets of web pages from four computer sci-
ence departments (Cornell, Wisconsin, Washington, Texas), where each page has
been manually labeled into 7 categories: course, department, faculty, project,
staff, student, or other. The edges are based on co-citation.

Since the MEDK kernel performed poorly on all the considered datasets, for
the sake of space, we decided not to report its results. In Table 1, the accu-
racy results of the proposed kernel and the other three state-of-the-art kernels
on the above described datasets are reported. The results are obtained with
a 10-fold cross validation (CV) that uses just 1 fold for training and hyper-
parameter optimisation (with a nested 5-fold CV), and 9 for testing, i.e. 90%

4We retrieved the datasets from http://netkit-srl.sourceforge.net/data.html
5http://www.cs.cmu.edu/~webkb/
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of the data labels have to be predicted. As a learning algorithm, we adopted a
one-versus-one multiclass SVM with C ∈ {10−4, .., 104}. The kernel parameters
have been optimised in: β ∈ {0.01, .., 0.05, 0.1, 0.3, 0.5} for LEDK and MEDK;
α ∈ {10−2, .., 103} for RLK; t ∈ {1, 2, 3, 5, 10, 50, 100} for MDK; r ∈ {1..10} for
the proposed ANMHK.

The proposed method gets the best performance on five datasets. On the
other four datasets, it ranks in second place. These results suggest that kernels
for graph nodes based on local node neighbourhood can be expressive enough
for several real-world tasks.

6 Conclusions and future work

We proposed a novel kernel for graph nodes that scales linearly in the average
node out-degree of the graph. The kernel presented in this paper considers
neighbours as sets, thus it ignores edge weights. We plan to modify the kernel
including weighted edges in a future extended version of this paper.
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