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Abstract. The study of deep Recurrent Neural Network (RNN) models
represents a research topic of increasing interest. In this paper we inves-
tigate layered recurrent architectures under a dynamical system point of
view, focusing on characterizing the fundamental aspect of stability. To
this end we provide a framework that allows the analysis of deepRNN
dynamical regimes through the study of the maximum among the local
Lyapunov exponents. Applied to the case of Reservoir Computing net-
works, our investigation also provides insights on the true merits of Iayer-
ing in RNN architectures, effectively showing how increasing the number
of layers eventually results in progressively less stable global dynamics.

1 Introduction

Recently, we are witnessing a growing interest in the extension of deep learn-
ing methodologies to the field of Recurrent Neural Networks (RNNs) [1, 2]. In
this concern, the introduction of hierarchically organized deepRNN architectures
[3, 4] has opened the way to the possibility of developing a temporal data repre-
sentation at different levels of abstraction, thereby allowing to naturally address
tasks on time-series featured by a multiple time-scales organization. However,
the study of layered RNNs is still in its initial phases, and further research ef-
fort is required especially to characterize the properties of the resulting state
dynamics as well as to investigate the actual role of layering in this regard.

In their essential nature, recurrent neural models implement dynamical sys-
tems whose trajectories are influenced by initial conditions and by driving input
signals. In this context, an aspect of primary importance that is still demanded
in literature is represented by the analysis of deepRNNSs in terms of stability of
networks dynamics guided by an external input. In this paper we address this
fundamental problem by providing a theoretical and practical tool that extends
the applicability of the study of local Lyapunov exponents [5] to the case of lay-
ered recurrent architectures. Although the developed approach can be exploited
to investigate system stability at any stage of training, in this paper we exper-
imentally show its application in the significant case represented by untrained
networks dynamics under the Reservoir Computing (RC) framework [6]. To this
aim, we take as reference model the deep Echo State Network (deepESN) [7, §],
which allows us to investigate the properties of stacked recurrent dynamics in
a separate fashion from learning. Considered under this perspective, our analy-
sis also provides insights that shed light on the effective meaning of layering in
recurrent neural architectures.
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2 Stability of Deep Recurrent Neural Networks

A deepRNN implements an input-driven discrete-time non-linear dynamical sys-
tem, in which the state dynamics is realized by means of a hierarchical neural
network architecture with Ny, stacked recurrent layers. At each time step t the
state computation proceeds by following a pipeline from the external input to
the higher layer. As graphically illustrated in Fig. 1, the first layer receives the
external input u(t) € RNV and each successive layer is fed by the output of the
previous one at the same time step.

Focusing only on the state dynamics and assuming, for the sake of simplicity,
that the dimension of the state space is the same for every layer, we denote by
x(@ (t) € RN® the state of layer i at time ¢. Considering leaky integration
recurrent units [9, 2], we indicate by a(® € [0,1] and W@ the leaking rate
parameter and the recurrent weight matrix of layer i, respectively. Moreover,
we use W) to denote the input weight matrix for the first layer, and W@ for
representing the weight matrix corresponding to the connections from layer ¢ — 1
to layer i. Based on this notation, the state transition function of the first layer,
i.e. F( can be computed as follows:

xW(t) = FO(u(t),x(t -1)) =
(1 —aM)xW (¢ — 1) + o tanh(WDu(t) + WHxD (¢ — 1)).
(1)
For layer i > 1, observing that (recursively) x(?)(¢) is a function of the activations
of layers 1,...,4 at step t — 1 and of the input at step ¢, we have that the state
transition function F(9 can be computed as:

xO@) = FO@t),xV(t-1),...,xO( 1)) =
(1= a®)xD (¢ — 1) + 0 tanh(WOxE-D (1) + WOk (¢ — 1)) =
(1 —ax@(t —1) ) tanh(W @ FO=1 (u(t), x(1 (t—1),.
xO=D(t = 1)) + WOxO) (¢ — 1)).
(2)
Viewing the deepRNN state evolution as a whole, we can consider the global
state space of the network as the product of the state spaces of the Ny, layers,
and denote by x(t) = (x(V(2),...,xNe)(¢)) € RNeXNr the global state of the
deepRNN at step t. Accordingly, the relation between the global state at two con-
secutive time steps is given by a state transition function F' = (F(l), ey F(NL)).

+all
+all

wm w(z) W)

W(z) W(NL)
ll(t) l e =
xW(t x(2) (t) x(Ne=D (1) B x(NVe)(¢)

Fig. 1: Architecture of a deepRNN.
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The stability of the dynamical system governed by F' can be investigated by
studying the spectrum of its Lyapunov exponents, which provide a measure of
the exponential divergence of trajectories starting in neighboring initial states.
The rate of divergence is dominated by the value of the maximum Lyapunov
exponent, used as an indicator of the stable/unstable dynamics regime of the
system, with values below 0 (resp. above 0) characterizing stable (resp. unsta-
ble) dynamics, and a value of 0 denoting a transition condition (towards chaotic
behavior) known as critical point [10]. In common practical situations, it is
useful to consider the local Lyapunov exponents [5], i.e. local finite-time ap-
proximations of the Lyapunov exponents evaluated over a trajectory followed
by the system driven by a real input sequence. Accordingly, given an input se-
quence of length N, the maximum Lyapunov exponent can be approximated by
the quantity Ajae = maxy, + Zi\il log(eig;, (I x(t))), where eig;(-) denotes the
module of the k-th eigenvalue of its matrix argument and Jp«(t) is the Jacobian
of F evaluated at step t. From an operational point of view, the measure pro-
vided by A allows us to link the stability /instability characterization of the
network’s behavior to the actual input signal. Taking into account the layer-wise
block organization of F', Jp«(t) can be written as a block matrix, as follows:

/ T (+\ T (4 \
Jrpa) xmil) < dpa) v (t)
JF(Z) (1) (t) . JF(2) <(NL) (t)
Irx(t) = | . S (3)
Jpovp xo () oo Tpwvp s (1)

where for i,j = 1,...,Nr, Jpw x0)(t) is the partial derivative of the state
transition function of the i-th layer with respect to the state of the j-th layer
at step t. Considering the hierarchical state computation process carried out by
the deepRNN, we can notice that the Jacobian in eq. 3 has a lower-triangular
block matrix structure, as the state of any layer does not depend on the states
of higher layers in the stack, i.e. Jrq) x)(t) = 0 for any j > i. Accordingly, the
eigenvalues of Jpx(t) are given by the set of eigenvalues of the matrices on its
block diagonal, i.e. Jp x@ (t), for i = 1,..., Np. Thereby we can derive the
following formula for the computation of A4, of a deepRNN:

N
Amaz = max % ; log (eigk ((1 —aNI + a(i)D(i)(t)W(i)>> (4)

with D (¢) denoting the diagonal matrix whose non-zero elements are the
elements of the vector tanh(W®FG—D(u(t), xW(t — 1),...,x0-Dt - 1)) +
W(i)x(i)(t —1)). Tt is worth noticing that when the network architecture con-
tains only one layer, i.e. if N = 1, the formula for the computation of A4,
in eq. 4 reduces to the case of standard shallow RNNs (e.g. [11, 12]). More-
over, a closer inspection of eq. 4 reveals that the value of A\, iS a monotonic
non-decreasing function of the number of the layers. This essentially means that
adding layers to a deepRNN architecture has the intrinsic effect of driving the
network’s dynamics towards a less (or at most equally) stable regime.
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3 Numerical Simulations

In this Section we practically demonstrate the stability analysis of stacked recur-
rent dynamics developed in Section 2 through an example involving untrained
deepRNN architectures. Specifically, basing on the RC paradigm [6] and in par-
ticular on the standard (shallow) ESN [13], we consider the deepESN model
introduced in [7, 8]. In a deepESN, the parameters of the state update equa-
tions FM, ..., FINL) are left untrained after initialization. In particular, for
every i = 1,..., N, the weights in W and W are randomly chosen from a
uniform distribution over [—1,1]. After that, the values in W are re-scaled to
meet a desired spectral radius® value, denoted by p(?). In our experimental set-
ting we used the same values of the leaking rate and spectral radius parameters
for all the layers, i.e. for all i = 1,..., Ny, we set al?) = a and p() = p, keeping
fixed @ = 1 in all the experiments, while varying the value of p in [0.5,1.5].
We considered deep architectures with a number of layers Ny, progressively in-
creasing from 1 to 10, and where each layer contained 10 recurrent units (i.e.
Ngr = 10). For every hyper-parametrization, we independently generated 100
network guesses (with different random seeds), and averaged the results over
such guesses. As driving input signal we considered a time-series of length 1000,
where the input at each time step was a 10-dimensional vector (i.e. Ny = 10)
whose elements are individually drawn from a uniform distribution in [—0.5, 0.5].

The results of the A, computation under the considered settings are illus-
trated in Fig. 2, where progressively lighter colors correspond to higher values
of Apaz, 1.6. to progressively less stable networks dynamics. As it can be seen,

lie. the maximum of its eigenvalues in modulus, which leads to a control of stability
without taking into account the input (as in traditional RC literature).

Number of Layers

0.5 1 1.5

Fig. 2: Averaged values of A4, obtained by deepESN for increasing values of p
and number of layers.
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higher values of the scaling parameter p result in higher values of A4, (as ob-
served also in shallow ESNs e.g. in [11]). Moreover, and more importantly, for
every value of p the value of A, increases for increasing number of layers in
the deep recurrent architecture, eventually switching from stability to a chaotic
behavior in correspondence of the higher values of p and of the number of layers.
A comparison between the values of \,4, of deepESN (with 10 units in each
layer) and of standard (shallow) ESN under same hyper-parametrization settings
(with p = 1.0) and for increasing number of recurrent units is reported in Fig. 3.
Results clearly point out that organizing the same number of recurrent units
into a layered architecture inherently and systematically leads (even prior to
learning) to overall network’s dynamics characterized by less stable regimes.

0 . . ;
-0.11 _
-0.2 - 1
3
<E )

e

-04 _
-—deep
-*shallow

10 20 30 40 50 60 70 80 90 100
Number of Recurrent Units

-0.5

Fig. 3: Averaged values (and standard deviations) of A4, obtained by deepESN
and shallow ESN for increasing number of recurrent units.

These findings, on the one hand, suggest us to use caution during the design
of a deep recurrent network, as the increase in the number of layers could result in
an (undesired) unstable network dynamics. On the other hand, they also explain
the potentiality of layered recurrent models in outperforming shallow networks
with the same number of recurrent units [7, 8] in tasks on which recurrent models
brought to the limit of stability have shown performance maximization, such as
the short-term memory capacity as discussed in [10].

4 Conclusions

In this paper we have addressed the problem of analyzing the stability of deep
recurrent neural models under a dynamical system perspective. In particular,
we have provided a mathematical tool that extends the applicability of the study
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of local Lyapunov exponents to the case of layered state dynamics evolving in a
hierarchical fashion. In the stability analysis, such a tool allows us to practically
take into account also the actual input signal influencing the network’s behavior.

Our investigation also pointed out interesting insights on the intrinsic effect of
layering in RNNs. Specifically, by applying the developed tool to the case of deep
RC networks, we have shown that increasing the number of layers in a recurrent
architecture has the inherent ability to eventually drive the resulting network’s
dynamics towards a less stable dynamical regime. Moreover, the same number
of recurrent units showed a less stable dynamical behavior when organized in a
layered network than in fully-connected shallow cases.

Overall, the approach developed in this paper would contribute to better
understand and characterize the properties of state dynamics developed by deep
recurrent networks. At the same time, we believe that the proposed methodology
will serve as a fruitful base for further developments aimed at guiding the design
of deep recurrent networks.
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