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Abstract. Local learning methods have been investigated by many
researchers. While global learning methods consider the same weight for
all training points in model fitting, local learning methods assume that the
training samples in the test point region are more influential. In this paper,
we propose Moving Least Squares Support Vector Machines (M-LSSVM)
in which each training sample is involved in the model fitting depending
on the similarity between its feature vector and the one of the test point.
The experimental results on an application of weather forecasting indicate
that the proposed method can improve the prediction performance.

1 Introduction

In local learning, instead of using all samples to train the model, only those which
are in the region of the test point are used for model fitting [1, 2]. For example,
in [3] Polynomial Local regression has been investigated. Besides, concerning
seasonal behavior of weather variables, in [4], local learning methods have been
employed to deploy the local structure of the data to pursue better performance.

Accurate weather forecasting is a major area of interest within the field of cli-
mate informatics. Numerical Weather Prediction (NWP) is the most widely used
method in the state-of-the-art approaches for weather forecasting. However, one
major drawback of NWP is that it is an intense method in terms of computa-
tional complexity [5]. Recently, data-driven approaches have been investigated
to achieve reliable weather prediction. In our previous work [4], Least Squares
Support Vector Machine LSSVM has been used for weather forecasting and the
experiments revealed that the performance is competitive with state-of-the-art
methods in weather forecasting.

The objective of this paper is to investigate a soft localization in the frame-
work of LSSVM called Moving LSSVM (M-LSSVM). In the proposed method,
we deploy the samples in the training set for model fitting while their impact
on the model is determined by their similarity to the test point feature vector.
This localization is done by defining a weighted cost function in the optimization
problem in the primal problem. Moreover, to obtain a good generalization, tun-
ing the parameters is done by using Moving Cross Validation (M-CV) in which
each sample affects the validation error based on its similarity to the test point.
In this study, in order to evaluate the proposed method, we conduct our experi-
ments on an application of forecasting the maximum and minimum temperature
of Brussels for 1 to 6 days ahead.
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2 Moving Least Squares Support Vector Machines

In global learning methods, the same weights are considered for all data points
in the training data while local learning algorithms assume that the samples in
the the test point vicinity are more influential for model fitting. In Moving Least
Squares (MLS), it is assumed that the training samples may not have similar
importance in function estimation. Thus, each training point has a weight which
is based on the distance between the training sample and the test point [6].

In this paper, a soft localization in the framework of Least Squares Support
Vector Machines (LSSVMs) is proposed. LSSVM differs from Support Vector
Machines (SVMs) in the sense that instead of quadratic programming in SVM,
LSSVM results in solving a set of linear equations by taking equality constraints
and least squares loss [7].

Considering x ∈ R
d, y ∈ R and ϕ : Rd → R

h where ϕ(·) being the feature
map, the model in primal space is formulated as:

ŷx(x) = ŵT
x ϕ(x) + b̂x, (1)

where b̂x ∈ R and ŵx ∈ R
h are estimated for a given x. Note that ŷx(x) is

depending on x explicitly and implicitly since not only it is a function of x, but
also the optimization problem in primal space is done for any fixed x.

Given si(x) as a non-negative similarity measure between the ith training
data feature vector and any fixed x, the optimization problem for training M-
LSSVM model in primal space is as follows:

(ŵx, b̂x, êx) = min
w,b,e

1
2w

Tw + γ
2

N∑
i=1

si(x)e
2
i ,

s. t. yi = wTϕ(xi) + b+ ei, i = 1, ..., N.

(2)

Note that Weighted LSSVM, proposed in [8], uses a similar formulation to obtain
robust estimation for regression problems. Here a different function is estimated
for any given fixed x value.

In the proposed method, the similarity criterion si(x) can be either a binary
or a real value. The former implies that only part of the training samples in
the vicinity of the test point is used to train the model. Nevertheless, for real
valued similarity, all samples in the training set are involved for learning the
data while their influence on the model fitting is determined by their similarity
to the test point. In this paper, we use the Gaussian similarity criterion si(x) =

exp(−||x−xi||22/h2) and the cosine-based similarity function si(x) =
xT xi

||x||×||xi||+1

where ||x|| is the L2-norm of the vector x. Note that, the former has a bandwidth
parameter (h) to be tuned, while the latter has no tuning parameter. As a
specific case, if si(x) is set equal to one, (2) represents the classical LSSVM
formulation in primal space.

From the Lagrangian L(w, b, e;α) = 1
2w

Tw+ γ
2

∑N
i=1 si(x) e

2
i −

∑N
i=1 αi(w

T
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ϕ(xi) + b+ ei − yi), the optimality conditions can be expressed as (3) below.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂L
∂w = 0 → w =

∑N
i=1 αiϕ(xi),

∂L
∂b = 0 →∑N

i=1 αi = 0,

∂L
∂ei

= 0 → αi = γsi(x)ei, i = 1, ..., N,

∂L
∂αi

= 0 → yi = wTϕ(xi) + b+ ei, i = 1, ..., N,

(3)

where αi ∈ R are the Lagrange multipliers. Assuming y = [y1, · · · , yN ]T and
1N = [1, · · · , 1]T and after eliminating w and e, the dual problem is written as
follows (

0 1TN
1N Ω+ Sγ(x)

)(
b

αi

)
=

(
0

y

)
, (4)

where Sγ(x) is a diagonal matrix equal to Sγ(x) = diag([ 1
s1(x)γ

; · · · ; 1
sn(x)γ

]) and

Ω is the kernel matrix where based on Mercer’s theorem [9]:

Ωij = ϕ(xi)
Tϕ(xj) = K(xi, xj) i, j = 1, 2, . . . , N. (5)

In this paper, the Radial Basis Function (RBF) is used as a kernel function
which is formulated in (6). In this case, the regularization parameter γ and the
kernel bandwidth σ are tuning parameters.

K(xi, xj) = exp(−||xi − xj ||22/σ2). (6)

Considering α̂i,x and b̂x as the solution of the linear equation system (4), the
M-LSSVM model as a function estimator is formulated as follows:

ŷx(x) =
N∑
i=1

α̂i,x K(x, xi) + b̂x. (7)

Here the notation of the solution (α̂i,x, b̂x) stresses that (4) needs to be solved
for any given x.

Although the proposed method can improve the performance, it has its own
drawback. The proposed method is a time consuming approach since the model
fitting should be done for each test point independently. These methods are not
suitable when the size of the test set is large. On the other hand, in the case
of time series problems, one may leverage the local learning methods since each
time there is only one test point to be predicted.

2.1 Tuning the parameters

In order to obtain a good generalization for the models, one may use k-fold Cross-
Validation (CV) for tuning the parameters. Obviously, for the proposed method
CV is not an ideal tuning approach, since the model is not trained properly for
the regions which are not close to the test point.
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In [10], the authors suggested Robust Cross Validation to deal with outliers
and non-Gaussian noise. In this paper, we use k-fold Moving Cross Validation
(M-CV), in which each sample in the validation set affects the validation error
based on the similarity between its feature vector to the test point. Let k be the
number of folds and Nv be the number of samples in the vth fold. The k-fold
M-CV error for any fixed x is calculated as follows

ErrorM−CV (x) =

∑k
v=1

∑Nv

i=1 si(x) erri∑N
i=1 si(x)

, (8)

where erri is a performance evaluation method. In this paper, the Mean Square
Error (MSE) and Mean Absolute Error (MAE) are used to measure erri.

3 Experiments

3.1 Dataset

In this study, data have been collected from
the Weather Underground website and include
real measurements for weather elements such
as temperature and humidity for 11 cities
including Brussels, Liege, Antwerp, Amster-
dam, Eindhoven, Dortmund, London, Frank-
furt, Groningen, Dublin, and Paris. The per-
formance of the proposed method is evalu-
ated on two test sets: (i) from mid-November
2013 to mid-December 2013 (Nov/Dec) and
(ii) from mid-April 2014 to min-May 2014
(Apr/May).

Fig. 1: Cities included in the
model

The data cover a time period from beginning 2007 to mid 2014 and comprise
198 measured weather variables for each day. The total number of features is
equal to 198× lag, where lag is a tuning parameter which indicates the number
of previous days considered in the model. Note that the number of training
samples was determined by the number of days from the beginning of 2007 until
the day before the test date (varies from 2489 to 2667 points).

3.2 Results and discussion

In this section, we evaluate the proposed method on an application of weather
forecasting and as a case study, the prediction of the minimum and maximum
temperature in Brussels for 1 to 6 days ahead was considered. The tuning
parameters including the lag variable, the kernel bandwidth (σ) and the regu-
larization constant (γ) of M-LSSVM, and the kernel bandwidth parameter in
the case of Gaussian similarity (h) were tuned using M-CV. We run our experi-
ments 10 times and in Table 1, the average MAE and MSE of the prediction of
the proposed method is compared with those of LSSVM for two test sets. As
it is shown, mostly, M-LSSVM outperformed LSSVM. Furthermore, it can be
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seen that using the RBF similarity criterion tends to be more advantageous than
cosine-based one.

Mean Absolute Error Mean Square Error
Test set Days ahead Temp. LSSVM M-

LSSVM-
RBF

M-
LSSVM-
Cosine

LSSVM M-
LSSVM-
RBF

M-
LSSVM-
Cosine

Nov/Dec

1
Min 1.44 1.44 1.35 3.70 3.65 3.53
Max 1.19 1.03 1.13 2.88 2.14 2.53

2
Min 1.55 1.55 1.57 4.47 4.47 4.50
Max 1.23 1.26 1.20 3 3.11 2.90

3
Min 1.65 1.67 1.62 5.26 5.26 5.29
Max 1.48 1.30 1.48 4.19 3.76 3.98

4
Min 1.61 1.61 1.64 4.53 4.50 4.61
Max 1.37 1.37 1.32 2.82 2.82 2.82

5
Min 1.50 1.53 1.53 3.96 4 4
Max 1.12 1.17 1.12 1.94 2.10 1.90

6
Min 1.69 1.63 1.62 4.69 4.55 4.55
Max 1.44 1.41 1.41 3.96 3.96 4.08

Apr/May

1
Min 1.46 1.29 1.39 3.22 3.03 3.24
Max 2.25 2.17 2.09 7.46 7.28 7.04

2
Min 1.85 1.80 1.82 6.39 6.25 6.19
Max 2.16 2.11 2.08 7.54 7.38 7.38

3
Min 1.70 1.65 1.70 5.33 5.14 5.33
Max 2.43 2.43 2.48 8.11 8.17 8.68

4
Min 1.74 1.62 1.75 4.85 4.65 4.93
Max 2.44 2.49 2.48 8.54 8.62 9.38

5
Min 1.96 1.96 1.96 6.40 6.48 6.60
Max 2.33 2.23 2.20 7.43 7.57 7.34

6
Min 2.18 2.08 2.18 8.03 7.80 8.03
Max 2.50 2.50 2.55 8.43 8.43 9.31

Table 1: Average MAE and MSE of the predictions by LSSVM and M-LSSVM
based on Cosine and RBF similarity si(x) for test sets Nov/Dec and Apr/Nov.

Figure 2 represents a comparison between the performance of Weather Un-
derground predictions and the one of the data-driven models over both test
sets together for the minimum and maximum temperature in Brussels. As it is
depicted, for minimum temperature, data-driven models mostly outperformed
Weather Underground predictions and for maximum temperature the perfor-
mances were competitive.

4 Conclusion

The aim of the present research was to propose a Moving LSSVM method in
which each training sample influence on the model fitting is depending on the
similarity between its feature vector and the one of the test point. The proposed
method was evaluated based on temperature prediction in Brussels for 1 to 6
days days ahead. The experimental results suggest that utilizing local learning
can improve the accuracy of forecasting. In addition, data-driven methods have
shown competitive performance with the state-of-the-art methods in weather
forecasting.
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Fig. 2: MAE of the predictions for Weather Underground, LSSVM and M-
LSSVM with RBF and cosine based similarity for Max. and Min. temperature
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