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Abstract. Covariate shift is a problem in machine learning when the
input distributions of training and test data are different (p(z) # p’(z))
while their conditional distribution p(y|x) is the same. A common tech-
nique to deal with this problem, called importance weighting, amounts
to reweighting the training instances in order to make them resemble the
test distribution. However this usually comes at the expense of a reduc-
tion of the effective sample size, which is harmful when the initial training
sample size is already small. In this paper, we show that there exists a
weighting scheme on the unlabeled data such that the combination of the
weighted unlabeled data and the labeled training data mimics the test dis-
tribution. We further prove that the labels are missing at random in this
combined data set and thus can be imputed safely in order to mitigate
the undesirable sample-size-reduction effect of importance weighting. A
series of experiments on synthetic and real-world data are conducted to
demonstrate the efficiency of our approach.

1 Introduction

Covariate shift bias [5] occurs when samples are preferentially selected to the
training data set, depending on the values of the input features, i.e. the marginal
distribution of the input features in the training data, p(x), differ from that
of the test data, p’(z), while the conditional distribution, p(y|z) = p'(y|z), is
the same. One may account for the difference between p(x) and p’(z) by re-
weighting the training examples using the so-called importance weight, denoted
as f(z) = p'(z)/p(x). A large body of research has been devoted to the esti-
mation of this importance weight [1, 2]. However, reweighting methods do not
necessarily improve the prediction accuracy as they reduce the effective training
sample size. This becomes a severe problem when the initial training sample
size is small. Another drawback of current importance weighting approaches is
that the unlabeled data set are usually discarded once the importance weights
are estimated. Some information is lost in the process. In [6] for instance, a
combination of the weighted and the unweighted models is used to reduce the
model variance, however the unlabeled cases are not used in the construction of
the supervised model.

Covariate shift may be seen as a special case of sample selection bias, where
data are collected through a binary variable S that controls the selection of cases
in the training set. We only have access to the cases for which S = 1. In this
paper we show that there exists a weighting scheme on the unlabeled data so that
a combination of these weighted unlabeled data and original training data forms
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a new data set, called the hybrid data set, that have label missing at random
(MAR). The missing values of label in the hybrid data are then imputed using
state of the art imputation methods for MAR data. This approach is particularly
useful when very few labeled data are provided.

2 The Hybrid Data Method

Assuming that the unlabeled data follow the input distribution p’(x) of test
data, we first derive, in this Section, a weighting scheme w(z) on the unlabeled
data so that a combination of these weighted unlabeled data and the original
training data forms a new data set that mimics p’(x). Our main result can be
stated as follows:

Theorem 1. Given ny training examples and no unlabeled examples, that follow
distributions p(x) and p'(x) accordingly, there exists a weighting scheme

ny <ma p(z) p(fﬂ))

n2

w(z) =

ven p/(z)  p'(a)

on the unlabeled examples such that the mizture of ni unweighted training ex-
amples and ny weighted unlabeled examples follows the distribution p’(x).

Proof. The hybrid data set follows a mixture distribution which is:

w(z) L2 Jw(z)p' (z)dx
w(@)p' (x)dx ~ ny + ne [w(z)p'(z)de

?) n1 + ng [w(x)p (z)dx

+pl(x)f

By replacing w(x) into the expression, we obtain p’(z) O

We have shown that the resulting hybrid data set is unbiased but it still
contains missing labels. There are circumstances under which even the best
designed study is jeopardized by non-missing-at-random data. The following
result shows the labels are in fact MAR:

Theorem 2. The labels in the hybrid data set obtained from the weighting
scheme in Theorem 1 are missing at random.

Proof. From Theorem 1, the hybrid data set follows the marginal distribution
p’(z) of the test data. In addition, because of the definition of covariate shift,
Let Ry = 1 denotes ”Y is missing” and 0 otherwise, it is easily shown that
p(ylz, Ry = 1) = p(y|z, Ry = 0) = p(y|x), which is the definition of the MAR
missing mechanism. [l

Missing data imputation is a well-studied topic in statistical analysis. From
the many references, we choose Predictive Mean Matching (PMM), which was
first presented in [3] and proved to be successful with missing data imputation,
as was shown to be robust to the misspecification of the imputation model in [4].
For the covariate shift problem, if we can choose a correctly specified model in
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the first place, there will be no learning bias. However due to the lack of domain
knowledge, it is safer to assume that the imputation model for the unlabeled
data is misspecified. Robustness of imputation models to misspecification is an
important criterion that should be considered with great care when choosing an
imputation method. The methods for correcting covariate shift bears similar-
ity to the techniques employed in semi-supervised learning. The latter usually
make further assumptions on the data distribution p, more specifically on the
relationship between p(y|z) and p(y) [7].

3 Experiments

In this section, we assess the ability of our hybrid data approach to reduce the
model variance due to importance weighting in the covariate shift bias reduction
process. We use two strategies to estimate the importance weights 5(z) = ’; ((f)):
the first is based explicitly on the true bias mechanism, the second is based
on Unconstrained Least-Square Importance Fitting (uLSIF). From the many
references, we choose uLSIF estimator since it was proved to be successful with
covariate shift. We first study a toy regression problem to show whether covariate
shift corrections based on our method can reduce the prediction error on the test
set when the learning model is misspecified and the training sample size is small.
Then we test our approach on real world benchmark data sets corrupted by a
simple covariate shift bias selection mechanism.

3.1 Toy regression problem

Consider the following training data generating process: z ~ N(ug,00) and
y = f(x) + ¢, where g = 0.5, 09 = 0.5, f(r) = —x + 23, and € ~ N(0,0.3). In
the test data, the same relationship between x and y holds but the distribution
of the covariate x is shifted because of selection bias that causes examples to be
selected with a probability depending on x:

42? if 42* € [0.01, 1]
p(s =1lz) = < 0.01 if 422 < 0.01

1 otherwise.

The training and test distributions, along with their ratio are plotted in Fig.
la and 1b. Least Square Regression is used to learn a linear model to predict
output y from x. We first investigate the effect of number of unlabeled data on
the hybrid data approach performance. As may be seen in Figure lc, the Mean
Square Error (MSE) of the regression model drops as the unlabeled-labeled sam-
ple size ratio, na/nq, increases. At first, as more unlabeled data are used, na/n;
varies from 0 to 1, and the improvement is clearly noticeable. The smaller the
initial training sample size, the larger the margin of the improvement as the
hybrid data approach is more effective at preserving the effective sample size.
When ng/nq varies from 1 to 2 a further but moderate improvement is observed.
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Again, the more unlabeled data are used, the smaller the weights of the unla-
beled example according to Theorem 1. Consequently, the imputation variance
contributes less to the final prediction error. Finally, when greater values of
ng/n1, no improvement is noticed since the unlabeled data are only helpful in
reducing the distribution mismatch up to the point when the hybrid data mim-
ics closely the test data distribution. In contrast, the predictive performance of
semi-supervised learning methods tend to increase as more unlabeled data are
used. We will use in the toy problem an unlabeled data set five times larger than
the labeled data set for and only twice as large in real-world data set experi-
ments. We shall now compare the "hybrid-data approach” against respectively
the unweighted, weighted, and hybrid-model approaches. In the hybrid-model
approach presented in [6], the predictive performance in some regions of the in-
put space is improved by combining the weighted and the unweighted models.
The average MSE of these models over 100 repeated trials is reported for ev-
ery training sample size in Figure 1d. The unweighted model (black solid line)
serves as a baseline. As expected, it performs worse than the other models.
When the training sample size is large enough (say, more than 300) the hybrid-
model method achieves a lower MSE because it has the lowest bias as suggested
by Theorem 2 in [6]. On the other hand, the hybrid-data method (blue solid
line) outperforms any other method with a large margin when training sample
size is small. As sample size increases, the variance reduction becomes less sig-
nificant, the hybrid data’s performance is similar to that of the weighted model.
From these observations, we may conclude that the hybrid-data approach is more
effective when the sample size is small.

3.2 Experiments on Real-world Datasets

In this experiment, we consider learning problems under a covariate shift in-
duced by an artificial selection mechanism with known or estimated selection
probabilities. We apply this selection scheme on a variety of UCI data sets in
order to assess the efficiency of our approach in more realistic scenarios. We use
a SVM classifier for both classification and regression tasks. Experiments are
repeated 50 times for each data set. In each trial, we randomly select 100 train-
ing examples, 200 unlabeled examples, and an input feature z¢ that controls the
probability of an an example to be selected in the training set as follows:

pl = 0.9 if 2§ < mean(z°)
p(s =1z =2af) = ps = ¢ p2 = 0.1 if 2§ > mean(z°) + 0.8 x 20(x°)
p3=0.9 — % otherwise.
where o(2¢) denotes the standard deviation of x°. Each of three approaches,
namely the weighted data, hybrid model, and hybrid data is applied with both
the true important weights and the important weights estimated with uLSIF.
The MSE of each model is normalized by that of the unweighted model (our
gold standard) and plotted in Fig.2a and 2b. As may be observed, the hybrid
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data approach always outperforms the weighted model by a noticeable margin
except when ulSIF is used on the Cadata data set. However, we suspect that
the estimation of importance ratio on this data set fails as all other methods
using ulSIF performs worse than the basic unweighted method on this data set.
The hybrid data method also outperforms the hybrid model method in most
situations, except on the Australian credit data set with true important weight
and on the Cadata and Ionosphere data sets with ulSIF. Our results strongly
suggest that our bias correction method combined with missing at random label
imputation is effective at increasing the prediction performance when few labeled
data are available.

4 Conclusions

In this paper, we presented a weighting scheme on the unlabeled data such that
a combination of these weighted unlabeled data and the original training data
forms a new data set that mimics the test distribution. The covariate shift was
then formulated as a classification problem with labels missing at random in
order to mitigate the sample-size-reduction effect of importance weighting. The
efficiency of this bias reduction approach was demonstrated on both synthetic
and real-world data.
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Fig. 1: A function f(x) is fitted by a linear model: a) Input density distribution;
b) True importance weights; ¢) MSE of hybrid-data model vs. unlabeled/labeled
ratio for different training sample sizes; d) MSE vs training sample size (on log
scale) with unweighted data, weighted data, hybrid model, and hybrid data.
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(b) The importance weights are estimated using ulSIF.

Fig. 2: MSE gain of the weighted hybrid model (over the unweighted model)
and the hybrid data method on each real-world data set.
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