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Abstract. We compare three adaptive MCMC samplers to Metropolis-
Hastings algorithm with optimal proposal distribution as our benchmark.
We transform a simple Evolution Strategy algorithm into a sampler and
show that it already outperforms the other samplers on the test suite used
in the initial research on adaptive MCMC.

1 Introduction

Since the beginning of the millennium, Bayesian inference has become a major

paradigm in machine learning. It uses Bayes’ rule p(θθθ|x1:n) =
p(x1:n|θθθ)p(θθθ)∫

θθθ∈ΘΘΘ
p(x1:n|θθθ)p(θθθ)dθθθ

to update the prior distribution when new evidence becomes available. The
parameter vector θθθ whose distribution we want to learn belongs to a finite or
even infinite dimensional space ΘΘΘ. x1:n , (x1, · · · ,xn−1,xn) is the sequence of
data or the evidence so far and p(x1:n|θθθ) is the likelihood of the data given the
parameter θθθ. p(θθθ) and p(θθθ|x1:n) are the prior and the posterior distribution of
θθθ. Bayes rule can however only be applied analytically for certain families of
probability distributions. Also, numerical integration methods suffer from the
curse of dimensionality and can only be used for a low dimensional space.

Monte Carlo samplers offer an alternative in that they generate samples ac-
cording to a target distribution and uses these samples to estimate the moments
and other statistics of that distribution, e.g. the median and percentiles. Monte
Carlo samplers are independent of the dimension of the space on which the prob-
ability distributions are defined. However, a large amounts of samples are needed
to get a small error. As a result, Markov chain Monte Carlo (MCMC) meth-
ods remain the only alternative when dealing with arbitrary high-dimensional
probability distributions.

For some standard distributions it is possible to generate i.i.d. samples and
the corresponding samplers are called vanilla Monte Carlo. For most distri-
butions however, one needs MCMC samplers. The basic idea is to generate
an ergodic Markov chain that has an invariant target distribution. Once the
chain has converged enough, the samples generated by the chain are from the
target distribution [1]. Almost all MCMC can be seen as an extension of the
Metropolis-Hastings (MH) algorithm cf. section 2.1.
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Adaptive Metropolis samplers were introduced in [2, 3]. The goal of adapta-
tion is to improve the mixing of the chain, cf. Section2.1 for a description. This
is achieved by updating online the covariance matrix and (sometimes) the mean
vector of the Gaussian proposal distribution. More recently, it was shown that
Gaussian Adaptation (GaA), a stochastic optimization technique, can be tuned
into a sampler [4, 5]. In this paper we do the same for (1+1)-CMA ES, a vari-
ant of Covariance Matrix Evolution Strategies [6], and show that it outperforms
the other samplers considered on the test suite used in the initial research on
adaptive MCMC.

The rest of the paper is organized as follows. In Section 2, we review the
samplers that we incorporated in the comparison. In Section 3 we describe the
test suite used and the experiments done before we conclude and describe future
work in Section 4.

2 Contenders

The samplers compared are 1) Metropolis-Hastings with optimal proposal dis-
tribution (MH), 2) the Adaptive Proposal (AP) and Adaptive Metropolis (AM)
algorithms, 3) Gaussian Adaptation for Sampling (M-GaA), and 4) CMA-ES
for Sampling (M-CMA). Here we focus on the one parent plus one offspring
variant [1, 2, 3, 4, 5]. All samplers can be seen as extensions of the basic MH-
algorithm described next.

2.1 Metropolis-Hastings

MH generates a sample from the target distribution π(x) in two steps. First,
it uses a simpler, easy to sample from proposal distribution usually the multi-
variate distribution with mean vector m and covariance matrix C to generate
a candidate x∗ ∼ N(m,C) where the current sample is used as mean m = xn.
Next, the MH-acceptance criteria is used to decide whether the proposed x∗ or
the current xn becomes the next sample xn+1.

The MH-acceptance criteria states that the candidate x∗ is accepted with
probability

α(xn,x
∗) = min

{
1,

π(x∗)q(xn|x∗)

π(xn)q(x∗|xn)

}
(1)

where q(x∗|x) is the probability of the candidate x∗ generated by the proposal
distribution centered in x. This criteria ensures xn+1 ∼ π(x) whenever xn ∼
π(x), i.e. once the chain has reached equilibrium the samples are generated
according to the target π(x).

MH still faces many challenges in order to achieve its full potential. First,
as opposed to vanilla MC that generates i.i.d. samples, the MCMC samples are
correlated and this reduces the effectiveness of the samples. If τ is the autocorre-
lation length present in N samples then the effective sample size Neff ∝ N/τ i.e.
we need τNeff samples in order to have the same precision as N i.i.d. samples.
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Second, only when the chain is sufficiently converged do the samples follow
the target distribution. Samples generated during the burnin period are disre-
gaded. In practice it is hard to detect convergence and several diagnostics have
been proposed.

Third, in order to give reliable estimates, the chain has to explore evenly all
areas that contribute significantly to the probability mass of the target distribu-
tion. A rapidly mixing chain has a small autocorrelation length τ . If the global
scale σ, cf. Section 2.2, is too small, many proposed samples are accepted but
the chain gets trapped in specific region for long intervals before it moves to
the next point, i.e. it mixes poorly. Therefore it is important to find the best
tradeoff between the two which is a hard problem.

2.2 Adaptive Metropolis-Hastings

Basically, adaptive MCMC is MH where the Gaussian proposal distribution is
adaptive, i.e. A candidate is proposed x ∼ N(mmm,CCC) wheremmm and CCC change over
time.

The covariance matrix can be decomposed asC = (σQ)2 orC = (σQ)(σQ)⊤

where Q is either the normalized positive definite square root or the normalized
Cholesky factor of C and σ is the global scale. Q is normalized when its deter-
minant det(Q) = 1. This allows to decouple the relative contributions of the
global scale and the anisotropy of the covariance. As a result the next sample
can be generated as xn+1 = mn + σnQnzn where mn is the mean, σn is the
global scale, Qn =

√
Cn is the covariance, and zn ∼ N(0, Id) is the sample (of

the standard normal Gaussian) at timestep n.
Adaptive samplers differ in the global scales, means and covariances used

and how they are updated. This is shown below for the samplers AM, M-GaA,
and M-CMA in the same order.

The means, in case of M-CMA the evolution point, are updated such that
the next means

mn+1 =
n

n+ 1
mn +

1

n
xn+1 (2)

mn+1 = (1− λm)mn + λm∆x (3)

pc
n+1 =

{
(1− λp)p

c
n +

√
λp(2− λp)y if accepted

(1− λp)p
c
n otherwise

(4)

Remarks: AM updates recursively the sample mean asa function of the
current sample mean and the next sample. The weight of contribution of the
next sample is 1/(n+ 1) and becomes smaller as n increases, cf. Eq(2). M-GaA
does something similar but the contributions of the current mean and current
sample remain fixed over time: the parameter λm equals 1/e.d in Eq.(3) with e

Euler’s constant. Moreover, ∆x , xn+1 − xn is used instead of xn+1. Finally,
M-CMA updates the evolution point pc

n instead of the mean and the update
depends on whether the proposed candidate has been accepted or not, cf. Eq.(4).
The parameter λp = 2/(2 + d) is the learning rate for the evolution path and
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depends on the dimension. The factor
√
λp(2− λp) normalizes the variance of

the evolution point viewed as a random variable.
Finally, the covariances are updated such that the next covariance

Cn+1 = Cn +
1

n+ 1

(
(xn+1 −mn) (xn+1 −mn)

⊤ −Cn

)
(5)

Qn+1 = Qn∆Qn+1 (6)

Cn+1 =

{
(1− λC)Cn + λCp

⊤
n+1pn+1 if accepted

(1− λC)Cn + λC

(
pT
n+1pn+1 + λp(2 − λp)Cn

)
otherwise

(7)

Remarks: AM updates recursively the sample covariance as a function of the
current sample covariance. The weight of contribution (xn+1 −mn) (xn+1 −mn)

⊤

of the next sample is 1/(n+1) and becomes smaller as n increases, cf. Eq( 5). In
M-GaA, the covariance matrix Q is updated according to Eq. 6 where ∆Qn+1

is defined as ∆Qn+1 ,
√
∆Cn+1, ∆Cn+1 = (1 − λC)Id + λCznz

⊤
n , Id is the

identity matrix, zn is the nth sample of the multivariate standard normal dis-
tribution, and the parameter λC = ln(d + 1)/(d + 1)2 is used in the update
of the covariance matrix C. In M-CMA, the update of the covariance depends
on whether the proposed candidate has been accepted or not, cf. Eq. 7. The
parameter λC = 2/(d2 + 6) is the learning rate for the covariance matrix. Note
that both M-GaA and M-CMA use a parameter λC dependent on the dimension
d but are otherwise different.

3 Experiments

We want to compare the performance of M-CMA with the results of AM and
M-GaA reported in [2, 3, 4, 5]. Therefore, we have replicated the test conditions
of these papers.

The testsuite consists of four target distributions that are increasingly more
challenging for samplers. The first two targets are the d-dimensional uncorrelated
and the correlated Gaussian distributions π1 and π2. Both have mean 0. The
covariance matrix of π1 is Cu = diag(100, 1, 1, · · · , 1), i.e. the spread in the
first dimension is 10 and 1 in the other dimensions. The covariance matrix Cc

of π2 is obtained by rotating Cu such that the direction of maximum spread
is (1, 1, · · · , 1). The next two targets are obtained using the transformation
φb(x) = (x1,x2 + bx2

1 − 100b,x3, · · · ,xd) of R
d. The targets π3(x) (moderately

twisted) and π4(x) (highly twisted) equal π1(φb(x)) for b = 0.03 and b = 0.1,
respectively. The higher the value of b the more non-linear the target becomes,
cf. Fig 1 for the case b = 0.1. It is easy to verify that φb(x) is measure preserving,
i.e. its Jacobian is one. Therefore, π3 and π4 are also probability distributions.
The target π4 is the most difficult to sample from and where adaptive MH can
demonstrate best its benefits.

Each run is initialized as follows. The initial sample point is selected uni-
formly at random in the hypercube with side 10 centered at 0 . The number of
samples generated is 10,000 and only the last 50% are used assuming the chain is
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converged by then. The initial proposal distribution for all samplers is Gaussian
with mean m0 = 0 and covariance matrix C0 = Id for MH, C0 = Cu for π1, π3,
and π4 and C0 = Cc for π2. The initial global scale is always set to σ0 = 1.

The performance was measured as follows. First, the samples are used to
estimate the true mean mmm of the targets and the distance between the true and
sample mean was recorded. Next, the error in the number of sample points inside
the confidence regions for the 68.3% and 99% levels was calculated using the d-
degrees of freedom chi-square distribution since the targets are (transformed)
Gaussians.

Finally, 100 independent runs were performed and the mean and the stan-
dard deviation for the distance between the true and sample mean of the target
were obtained. The error in the number of sample point inside the confidence
regions was also measured. We have experimented with targets with dimension
d = 2, 4, 8. Here, we only report twisted distributions in dimension d = 8 since
these are the most difficult distributions to sample from and the potential ben-
efit of adaptive MCMC is the highest. Table 1 summarizes the performance
measures for each of the samplers and Figure 1 shows the distribution of ran-
domly selected samples after burnin generated by each of the samplers. An
accompanying technical report provide the full details for all dimensions and all
distributions and considers other convergence measure.

Target Non-linear π3 Non-linear π4

Sampler MH AM M-G M-C MH AM M-G M-C
mean(||E||) 2.70 1.35 2.36 1.27 7.90 6.41 8.01 6.94
std(||E||) 1.85 2.48 2.40 2.34 8.30 4.41 6.69 4.38
err(≤ 68.3%) 1.34 0.54 0.75 0.38 2.51 2.23 3.24 2.19
std(≤ 68.3%) 6.80 5.08 6.82 4.30 8.94 5.16 6.96 4.93
diff(≥ 99%) 0.29 0.18 0.49 0.52 0.42 0.22 0.38 0.34
std(≥ 99%) 0.76 0.62 0.57 0.48 0.75 0.43 0.90 0.68

Table 1: Performance of MH, AM, M-GaA and M-CMA on the 8-dimensional
non-linear distributions π3 and π4. The mean error in all the confidence regions
is relatively lower in M-C compared to other adaptive samplers.

4 Conclusion

The results obtained so far with M-CMA are very encouraging for the one parent
one offspring variant. Moreover, we used the recommended parameter settings
for optimization yet we are doing sampling. There is no guarantee that these
values are optimal in this context.

Future work will concentrate around 3 topics. One, investigate why M-CMA
is doing better than the other adaptive samplers. All of them update the means
and covariances but what is important to get rapid mixing is not clear yet.
Two, adaptive samplers use past samples to adapt. As a result the chain is
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Fig. 1: Distribution of randomly selected samples of the 8-dimensional highly
twisted distribution π4 after burnin. The contours refer to 68.3%,90%,95%
and 99% confidence levels. From left: MH generated, M-GaA-generated, AM-
generated and M-CMA. The M-CMA samples show good mixing compared to
the other adaptive samplers.

not Markovian anymore and convergence to the target is not guaranteed unless
the chain has vanishing adaptation. This is the case for AM. Can we prove
this for CMA or can we incorporate vanishing adaptation? Third, the (µ, λ)-
variant of CMA-ES opens perspectives for population MCMC samplers. Here,
information between the current population of sample points is exchanged to
improve mixing. This is often difficult because the exchange must preserve
reversibility of the chain. This is a sufficient condition to show that the target
is the invariant distribution of the chain. The invariance properties of CMA-ES
might be helpful here [6].
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